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ABSTRACT
We describe a general mechanism for adaptation in multi-
agent systems in which agents modify their behavior based
on their memory of past events. These behavior changes can
be elicited by environmental dynamics or arise as response
to the actions of other agents. The agents use memory to es-
timate the global state of the system from individual obser-
vations and adjust their actions accordingly. We also present
a mathematical model of the dynamics of collective behav-
ior in such systems and apply it to study adaptive coalition
formation in electronic marketplaces. In adaptive coalition
formation, the agents are more likely to join smaller coali-
tions than larger ones while there are many small coalitions.
The rationale behind this is that smaller coalitions are nec-
essary to nucleate larger ones. The agents remember the
sizes of coalition they encountered and use them to estimate
the mean coalition size. They decide whether to join a new
coalition based on how close its size is to the mean coalition
size. We show that the adaptive system displays most of the
features of the non-adaptive one, but results in better long
term system performance.

Categories and Subject Descriptors
H.4 [Information Systems Applications]: Miscellaneous

General Terms
Theory
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1. INTRODUCTION
The study of artificial intelligent agents has received a

great amount of interest in both academic and lay commu-
nities through an ever-growing roster of applications, which
include personal digital assistants that filter email [18], rec-
ommend useful Web sites [22] and monitor travel plans [1].
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At the same time, there has been an explosion of interest in
the study of multi-agent systems (MAS), i.e., systems com-
posed of many interacting artificial intelligent agents. Such
systems can be used for distributed control (e.g., network
routing [4, 24]), resource management (e.g., load balanc-
ing [23]), electronic marketplaces, and problem solving via
teamwork [13]. Robotics [13, 7, 11] and embedded systems,
such as sensor networks [5], are two important branches of
MAS research. In these systems, limited on-board power
and significant communications costs argue for distributed
control solutions, in which interesting and useful collective
behavior arises out of local interactions between many ag-
ents, whether robots or sensors in a sensor network. In
fact, the so-called biological metaphor has inspired the de-
sign of several robotic multi-agent systems (see [20, 3, 19,
8, 9] among others). In addition to providing a mechanism
for distributed control, the biological metaphor offers sev-
eral other benefits for the design of agent-based systems,
including (i) scalability: each agent has the same controller
whether the group is composed of ten or 10,000 agents; (ii)
robustness: group performance is robust to individual agent
failure; (iii) flexibility: agents can be dynamically added or
removed without significantly affecting the performance of
the system; (iv) local sensing: in many cases the desired
collective behavior can be achieved via local interactions
only; (v) adaptability: allows for simple learning that en-
ables agents to operate in uncertain hostile environments.
A distributed control mechanism based on local interac-

tions offers yet another advantage: it can be mathematically
modeled and analyzed. Mathematical analysis is an alter-
native to experiment and simulation, the two principal tools
used by computer scientists. While experiments (e.g., with
robots) allow researchers an opportunity to study the sys-
tems’s behavior in real environments, they are very costly
and time-consuming, both to set-up and execute. Com-
puter simulations, including sensor-based simulations used
by roboticists [21, 6] that recreate the experiments under
realistic conditions, and probabilistic microscopic simula-
tions [11], also usually don’t scale well. In many cases they
are impractical tools for a detailed investigation of the prop-
erties of most multi-agent systems. As a result, many of the
interesting questions about the behavior of agent-based sys-
tems, especially of large systems, remain unanswered. Using
mathematical analysis, on the other hand, we can efficiently
study dynamics of even very large agent groups, predict
their long term behavior, gain insight into system design:
e.g., what parameters determine group behavior, optimize
performance, prevent instabilities, etc. However, with the



exception of work Huberman and Hogg [10] and Sugawara
and coworkers [25, 26], as well as our own research [16, 15,
14], little mathematical analysis of multi-agent systems ex-
ists.
In our earlier work we have developed an approach [17]

that allows us to create a mathematical model of collective
dynamics of multi-agent systems. The approach is valid
for agents that obey the Markov property — i.e., only the
present state determines the agent’s future state. We have
applied this approach to study coalition formation among
intelligent software agents [16], as well as foraging [14] and
collaboration [15] in groups of robots. The last two are
compelling illustrations of the approach, because results of
mathematical analysis agree with the results experiment and
simulations, while at the same time allowing us to draw con-
clusions about the behavior of the system that would have
been difficult to obtain through experiment and simulation
alone.
The simple models we investigated so far cannot describe

systems composed of agents with memory, learning or de-
liberative capabilities. This is a major shortcoming, since
majority of the research in the agents community is focused
on deliberative agents that can use past experience to guide
future actions. In this paper we describe an extension of
the modeling approach that allows us to incorporate his-
tory or memory of agents’ actions into the mathematical
model of a multi-agent system. This allows us to model
agents that make decisions about future actions based on
past experience, and thus study adaptation and learning in
multi-agent systems. Although learning has been one of the
most important topics in computer science, few mathemati-
cal descriptions of MAS composed of concurrent learners ex-
ist [27]. This is an important step towards creating a science
of multi-agent systems that will allow quantitative under-
standing of the behavior of a collective of agents in a given
environment. Such a science of MAS will enable researchers
design better and more robust MAS control mechanisms.
The rest of the paper is organized as follows. In Section 2

we present the model of the collective behavior of agents
with memory. In Section 3 we illustrate our approach by
studying a system in which agents use memory to adjust
individual actions and at the same time improve collective
performance. We extend the model of coalition formation
in electronic marketplaces introduced in an earlier work [16]
to an adaptive scenario where agents rely on the history of
past states to choose what action to take (join a coalition
or not). We show that adaptive systems have better col-
lective performance than systems composed of memoryless
nonadaptive agents.

2. MODELING RETROSPECTIVE
AGENTS

In earlier works [16, 15, 14, 17] we showed that the dynam-
ics of collective behavior in a system of agents obeying the
Markov property is captured by the Rate Equations that
describe how the average number of agents in each state
changes in time. State labels a set of related agent behav-
iors required to accomplish a task. As an example, consider
a robot engaged in a foraging task, whose goal is to collect
objects scattered around an arena and deliver them to a pre-
specified home location. The foraging task consists of the
following high-level behavioral requirements [2] or states: (i)

homing, (ii) puck pickup and (iii) searching. Each of these
states corresponds to a single action or behavior; however, it
is often useful to coarse-grain the system by grouping related
behaviors into a single state. Such coarse-graining not only
helps in conceptualizing the system, it also keeps the mathe-
matical model compact and tractable by reducing the num-
ber of states. For example, when a robot is said to be in the
searching state, it is wandering around the arena, detecting
objects and avoiding obstacles. In the course of accomplish-
ing a task, the robot will transition from the searching to
pickup and finally to homing states. It is clear that during
a sufficiently short time interval each agent in a multi-agent
system is in exactly one of a finite number of states.
Let p(n, t) be the probability an agent is in state n at time

t. Agents that use a finite memory of the past of length
m in order to make decisions about future actions can be
represented by a generalized Markov processes of order m.
This means that the state of an agent at time t+∆t depends
not only on the configuration of the system at time t (as in
simple Markov systems), but also on configurations at times
t − ∆t, t − 2∆t, . . . , t − (m − 1)∆t, which we refer to as
history h of the system. In the derivation below we will
employ the following identities:

p(n, t +∆t|h) =
∑
n′

p(n, t +∆t|n′, t;h)p(n′, t|h)

1 =
∑

n

p(n, t +∆t|n′, t;h).

The change in probability density ∆p is:

∆p(n, t) = p(n, t +∆t)− p(n, t) (1)

=
∑

h

[
p(n, t +∆t|h)− p(n, t|h)]p(h) (2)

=
∑

h

∑
n′

p(n, t +∆t|n′, t;h)p(n′, t|h)p(h) (3)

−
∑

h

∑
n′

p(n′, t +∆t|n, t;h)p(n, t|h)p(h)

In the continuum limit, as ∆t → 0, ∆p/∆t can be written
as

dp(n, t)

dt
=

∑
h

∑
n′

W (n|n′;h)p(n′, t|h)p(h) (4)

−
∑

h

∑
n′

W (n′|n;h)p(n, t|h)p(h) , (5)

with transition rates

W (n|n′;h) = lim
∆t→0

p(n, t +∆t|n′, t;h)∆t

.
(6)

Equation 4 is similar in form to the stochastic Master Equa-
tion widely studied in statistical physics and chemistry [12].
It is a microscopic equation that describes the rate of change
of probability density for an agent to be in state n at time t.
The Master Equation has a simple interpretation: the prob-
ability density associated with state n will increase because
of transitions from other states to state n, and it will de-
crease because of transitions from state n to the other states.
It is more useful, however, to work with the macroscopic
equation, the so-called Rate Equation, that describes how
the configuration of the entire multi-agent system evolves in
time. Following Van Kampen’s indispensable text [12], we



assume that agents are independent and indistinguishable.
In this case, the configuration of the collective is described
by occupation numbers {N} = {N1, . . . , NL}, with Nn the
number of agents in state n. Assuming that during a suffi-
ciently short time interval only one of the agents in state n′

will make a transition to state n, we can derive the macro-
scopic equation for the rate of change of 〈Nn〉, the average
number of agents in state n:

d〈Nn〉
dt

=
∑
h,n′

[
W (n|n′;h)〈Nn′〉 − W (n′|n;h)〈Nn〉

]
P (h) (7)

where P (h) is the probability the system had a history h
over the last m time steps. Using the mean-field approxima-
tion 〈f(n)〉 ≈ f(〈n〉) and the fact that Nn does not depend
directly on h, we rewrite the above equation,

dNn

dt
=

∑
n′

[〈W (n|n′)〉hNn′ − 〈W (n′|n)〉hNn

]
. (8)

Here for notational convenience 〈. . . 〉h denotes average over
histories, and we have dropped angle brackets around N ,
although this variable still denotes an average quantity.
Equation 8 is very similar to the rate equation we used to

study Markov-based agent systems [16, 15, 14], except that
transition rates W (n|n′) are now replaced by their history-
averaged values. We will use the above equation to study
how agents can use histories, or memories of past events,
to improve the collective behavior of the system. We illus-
trate the approach by re-examining coalition formation in
electronic marketplaces, a memoryless version of which was
introduced in [16]. Rather than blindly joining or leaving a
coalition, the agent is now able to base its decision on what
coalitions it has seen already. The agent designer can ex-
ploit the memory mechanism to allow each agent to adapt to
the actions of other agents, resulting in an improved overall
performance of the entire system.

3. COALITION FORMATION IN
ELECTRONIC MARKETPLACES

In [16] we described a hypothetical electronic marketplace
composed of mobile purchasing agents, in which each agent
is given a task to obtain goods with the goal of minimizing
the price paid for the goods. This market has the wholesale
property, i.e., the sellers can reduce their manufacturing,
advertising and distribution costs by selling large quantities
of the product in bulk and choose to pass some of the savings
to the buyers. It is, therefore, in the buyers interest to form
coalitions with other buyers allowing them entry into the
wholesale market, thus reducing the price per unit.
The agents join coalitions by placing an order to purchase

a product, and they leave coalitions by withdrawing the or-
der. The orders remain open for some period of time to
allow new orders to come in and coalitions to grow. At the
end of the specified time, the orders are filled, and the price
each agent pays for the product is based on the size of the
final purchasing coalition.
In the same work we proposed and quantitatively studied

a low-complexity mechanism for coalition formation, which
is summarized below. Flowchart in Fig. 1 is a schematic
of an individual agent controller. We assume that, given
no additional information, agents have no a priori prefer-
ence among vendors; therefore, each agent chooses a vendor

site randomly. If it encounters another agent or a coalition
of agents at that site, it may, with some probability, join
the coalition or form a new one with the single agent.1 An
agent may also leave a coalition with some probability, be-
cause further exploration of the marketplace may result in
it encountering a more beneficial coalition to join. Though
we have not yet specified a relationship between coalition
size and the utility of belonging to the coalition, we can as-
sume, without loss of generality, that the benefit of being
a coalition member depends on the coalition size; therefore,
the decision to join or leave the coalition will also depend on
the coalition size. In other words, the agent is more (less)
likely to join (leave) a larger coalition rather than a smaller
one (given there are no costs associated with leaving a coali-
tion).

Coalition
size n?

Select
vendor

Start

Leave
coalition?

Single
agent?

Y

N

Y

Member,
coalition
size n+1

Member,
coalition

size 2

New
coalition?

Join
coalition?

Y

Y

N

Y

N

NN

N

Figure 1: Single agent controller.

This mechanism, outlined in Fig. 1, requires minimal com-
munication between agents, and because their decision de-
pends solely on local conditions, it also requires no global
knowledge. We present a mathematical model that describes
the dynamics of the coalition formation process, i.e., how the
number and size of coalitions changes in time. In [16] we in-
vestigated a homogeneous multi-agent system, in which the
agent’s probability to join or leave a coalition was indepen-
dent of its size. In this paper we examine an adaptive system
where agents can modify their probabilities to join or leave
a coalition based on their past experience and compare it to
a non-adaptive system.

1We assume that some (e.g., manufacturing and distribu-
tion) constraints limit the size of the bulk order, thus limit-
ing the maximum size that can be attained by a coalition.
The agents will not be able to join coalitions of maximum
size. This assumption can be relaxed by essentially raising
the maximum size of the coalition until it is equal to the
number of agents in the system.



3.1 A Mathematical Model of Adaptive Coali-
tion Formation

The variables of the mathematical model of coalition for-
mation are the number of coalitions of a given size. Let r1(t)
denote the number of searching agents unaffiliated with any
coalition at time t, and rn(t) the number of coalitions of
size n at time t, 2 ≤ n ≤ m, where m is maximum coalition
size.
The mathematical model of coalition formation consists

of a series of coupled rate equations Eq. 8, each describing
how the dynamic variables, r1, r2, . . . , rm, change in time.
Solving the equations, subject to the condition that initially
(at t = 0) the system consists of N0 agents and no coalitions,
yields the coalition distribution at any time. The most dif-
ficult part of constructing the model is finding an expres-
sion for transition rates. We make a simplifying assumption
that coalitions and agents are uniformly distributed in ven-
dor space. Under this approximation, the transition rate
W (n + 1|n) is a product of the rate at which an agent en-
counters coalitions of size n (∝ rn) and the probability of
joining a coalition of size n. W (n|n + 1) is simply propor-
tional to the probability of an agent leaving a coalition of
size n. In some systems these proportionality factors can
be calculated from first principles. In others, they can be
estimated (from e.g., how many coalitions an agent visits in
a given period of time), and in still others it may be expedi-
ent to leave them as parameters to be estimated by fitting
the model to experimental data or simulations. Note that
in adaptive systems transition rates are averaged over agent
histories.
The rate equations are written as follows (cf. Eq. 8):

dr1

dt
= −2D1r1

2(t)−
m−1∑
n=2

Dnr1(t)rn(t) (9)

+2B2r2(t) +
m∑

n=3

Bnrn(t) ,

drn

dt
= r1(t) (Dn−1rn−1(t)− Dnrn(t)) (10)

−Bnrn(t) + Bn+1rn+1(t) , 1 < n < m,

drm

dt
= Dm−1r1(t)rm−1(t)− Bmrm(t) (11)

Parameter Dn, the attachment rate, controls the rate at
which agents join coalitions of size n. Bn, the detachment
rate, gives the rate at which agents leave coalitions of size
n. These parameters are averaged over agent histories. Note
that one of the equations above is superfluous because of the
conservation of agents condition,

∑m
n=1 nrn = N0.

In [16] we studied the uniform non-adaptive case where
attachment and detachment rates were independent of coali-
tion size and independent of the history of agent actions. A
more realistic scenario is to design the agents to be more
(less) likely to join (leave) larger coalitions than smaller
ones, since the benefit of belonging to a larger coalition is
greater than the benefit of belonging to a smaller one. How-
ever, this principle may not be useful at all times. When
most of the agents are still in the searching mode and there
are few large coalitions, it may be more beneficial for agents
to nucleate many small coalitions in order to enable larger
ones to grow more quickly. This type of adaptive behavior
can be achieved when agents can adjust their preferences to
join or leave coalitions based on what coalitions are already

present in the marketplace. One way to design this function-
ality is for a central authority to measure the mean coali-
tion size rmean and broadcast it to every agent. The agents
can then base their decision to join a coalition n based on
how different its size is from rmean, using a gaussian with
mean rmean and width σ, for example. In an alternative
distributed design, agents use memory to estimate the mean
coalition size from the sizes of coalitions they have encoun-
tered in the past. As an illustration, consider an agent with
m = 1 memory who is trying to decide whether to join a
coalition of size 4 and remembers seeing a coalition of size
2 at the last vendor site it visited. It will use a gaussian of
a given width centered at 2 to calculate the probability of
joining a coalition of size 4. If this number is greater than
a threshold, e.g., 0.5, it will decide to join; otherwise, it will
continue exploring the marketplace.
Equations 9–11 describe the dynamics of such an adaptive

system. In the simplest adaptive scheme, we let each agent
use a gaussian function to compute its transition rates, as
described above. Using the Central Limit Theorem, we ar-
gue that the macroscopic attachment and detachment rates
Dn and Bn, which contain contributions from many agents,
are also gaussian and centered on rmean.

2

Dn = D0 exp
−(rmean−n)2/2 /ND

Bn = B0(1− exp−(rmean−n)2/2)/NB . (12)

rmean is changing in time; therefore, D and B are also vary-
ing in time. D0 and B0 set the scale of the parameters and
ND and NB are normalization factors as described below.
We will compare the performance of the adaptive system to
that of a non-adaptive system in which an agent is c times
more likely to join a coalition of size n + 1 than a coalition
of size n, and, for symmetry, c times less likely to leave that
coalition as the next smaller one. This behavior is described
by parameters Dn = D0c

n−1 and Bn = B0c
−(n−1). It is

clear that the case c = 1.00 is equivalent to the uniform rates
scenario studied in [16] where the agent’s decision to join or
leave a coalition is independent of the coalition size. Equa-
tions 12 are normalized so that the total transition probabil-
ity (

∑
n Dn and

∑
n Bn) for the adaptive system is equal to

the total transition probability for the nonadaptive system.

3.2 Results
We solved equations 9–10 subject to initial conditions

r1(t = 0) = N0 and rn(t = 0) = 0 for 2 ≤ n ≤ m for
both adaptive and non-adaptive parameters. Figures 2–3
show how solutions evolve in time for the non-adaptive case
with c = 1.10, and the adaptive case. The c = 1.10 case cor-
responds to a system in which agents are 10% more likely to
join a coalition of size n+1 as size n. For both adaptive and
non-adaptive systems, the maximum coalition size is m = 6
and B0/D0N0 = 0.001. The solutions are normalized by the
total number of agents (N0) to give the density of coalitions
of some size. The x-axis is in units of dimensionless time
D0N0t.
In the non-adaptive case we see that after a long time,

solutions evolve to a steady state in which the number of
coalitions does not change, even though individual agents

2Another way to think about it is there is that coalition sizes
are distributed around rmean. The agents sample this dis-
tribution by their observations of coalitions. The collective
observation of many agents yields a good estimate of rmean.
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Figure 2: Time evolution of coalition densities for
the non-adaptive system with m = 6, B0/D0N0 =
0.001 and c = 1.10
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Figure 3: Time evolution of coalition densities for
the adaptive system with m = 6 and B0/D0N0 = 0.001

continue to leave and join coalitions. The number of search-
ing agents r1 drops initially, but after some time grows to a
small steady state value, which depends on B0/D0N0. The
steady state is composed mainly of coalitions of maximum
size and a decreasing number of smaller coalitions. In the
adaptive system, larger coalitions grow more quickly, as de-
signed. The steady state is composed mostly of coalitions of
maximum size and some searching agents, with a negligible
number of coalitions of other sizes. The number of search-
ing agents is larger than for the non-adaptive case. This
effect can be understood from the following argument: as
the mean coalition size grows, any small coalitions quickly
dissolve into searching agents, but because the only coali-
tions that exist are those of maximum size, the searching
agents are no longer able to find a coalition to join (since
they are barred from joining maximum size coalitions). The
adaptive system nevertheless appears to be more efficient
than the non-adaptive system, since the former appears to
have a bigger fraction of larger coalitions in the steady state.
We quantify the system’s efficiency more precisely by the

global utility gain. The utility gain is the price discount
(reward) an agent receives for being a member of a buying
coalition. If the retail price that an unaffiliated agent pays
to the vendor for the product is p, and the coalition price
each member of a coalition of size n pays is pn, then pn < p.
In the simplest model we let pn = p−∆p(n− 1), where ∆p
is some price decrement; therefore, the utility gain, or price
discount, each coalition member receives is Gn = ∆p(n−1).
The total utility gain measures the global performance of
the system—the price discount all agents receive for joining
coalitions. The value of this metric is expected to be high
when there are many large coalitions, and conversely, it is
low, when there is a large number of unaffiliated agents. The
total total utility gain is:

G =

m∑
n=1

Gnnrn = ∆p

(
m∑

n=1

n2rn − N0

)
. (13)

The maximum utility gain, attained when all the agents
belong to coalitions of size m, is Gmax = ∆pN0(m − 1).
Figure 4 shows the evolution of the global utility gain

per agent for two non-adaptive systems (with c = 1.10 and
c = 1.00) and for an adaptive system. Non-adaptive sys-
tem with size-dependent parameters leads to a bigger utility
gain, especially at late times than the non-adaptive system
with uniform size-independent parameters. However, adap-
tive system significantly outperforms non-adaptive systems
both at early and very late times but underperforms them
during intermediate times. The advantage of adaptive sys-
tems is most evident at very late times (in the steady state),
when the utility gain is close to its maximum value. The
slight decline at t = 105 is the result of an increase in the
number of searching (unaffiliated) agents in Fig. 3. This
behavior holds for different values of B0 and D0.

4. DISCUSSION
We have described a general mechanism for adaptation

in multi-agent systems in which agents use memory of past
events to change their behavior. Such behavior modifica-
tions can be elicited both by environmental changes or as
a response to the actions of other agents. Specifically, the
agents use their memory to estimate the global state of the
system from the states of agents or environment they have
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encountered in the past, and use this estimate to adjust
their own behaviors by modifying parameters that govern
their actions. More importantly, we have presented a general
mathematical model of the dynamics of collective behavior
in such systems and applied it to study adaptive coalition
formation in electronic marketplaces. In our illustration the
agents form coalitions because they receive a benefit for do-
ing so — specifically, the lower price they pay for a prod-
uct when they buy it in bulk with other coalition members.
We described a low complexity mechanism for coalition for-
mation in which agents search the electronic marketplace
for coalitions and decide whether to join a coalition or not.
The agents may also decide to leave a coalition. In general,
the decision to join or leave a coalition may depend on the
coalition size. Starting only with searching agents unaffili-
ated with any coalition, the system evolves to a high utility
state composed mainly of maximum size coalitions, but also
of smaller size coalitions.
In an adaptive case, the agents use the memory of coali-

tions they encountered at previous times to estimate the
mean coalition size. The agents are more likely to join a
new coalition if its size is close to the mean coalition size,
and less likely to leave such a coalition. The rationale behind
such a scheme is that small coalitions have to form before
larger ones can emerge; therefore, while there are few large
coalitions, the agents should be more likely to join smaller
ones. We showed that the adaptive system displays most of
the features of the non-adaptive case (where the likelihood
to join a coalition does not change in time), but is charac-
terized by higher utility gains both at early and late times.
We conclude that adaptation to the actions of other agents
results in a better long term system performance.
We regard analytic results as still preliminary. Although

its application to adaptive coalition formation was straight-
forward, several general questions remain: What is the role
of history length m? What contributes to the error or vari-
ance of the agent’s estimate of the global state of the system,
and how does it influence collective behavior? Is it possi-
ble to reduce this variance with different memory lengths?
Or do the time delay effects render adaptation meaningless?
These and other questions are the focus of ongoing research

activity.
Allowing agents to use memory of the past to adjust their

behavior opens the door for us to study more complex and
intelligent agents than the simple agents that have been
studied in the past. In particular, we want to construct
models that describe the behavior of decision-making and
learning agents such as those described in the introduction.
We believe that quantitative mathematical models will allow
us to better understand and control the behavior of multi-
agent systems composed of deliberative agents.
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Matarić. Most valuable player: A robot device server
for distributed control. In Proc. of the IEEE/RSJ
International Conference on Intelligent Robots and
Systems (IROS 2001), Wailea, Hawaii, October 29 -
November 3, 2001. 2001.
http://www-robotics.usc.edu/player/.

[7] Dani Goldberg and Maja J. Matarić. Coordinating
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