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Abstract. Probabilistic�nite-statestringtransducers(FSTs)areextremelypop-
ular in natural languageprocessing,due to powerful genericmethodsfor ap-
plying, composing,and learningthem.Unfortunately, FSTsare not a good �t
for muchof thecurrentwork on probabilisticmodelingfor machinetranslation,
summarization,paraphrasing,andlanguagemodeling.Thesemethodsoperatedi-
rectlyontrees,ratherthanstrings.Weshow thattreeacceptorsandtreetransduc-
erssubsumemostof this work, andwe discussalgorithmsfor realizingthesame
bene�ts foundin probabilisticstringtransduction.

1 Strings

Many naturallanguageproblemshave beensuccessfullyattackedwith ®nite-statema-
chines.It hasbeenpossibleto breakdown very complex problems,bothconceptually
and literally, into cascadesof simpler probabilistic �nite-state transducers (FSTs).
Thesetransducersare bidirectional,and they can be trainedon sampleinput/output
stringdata.By addinga probabilistic�nite-state acceptor (FSAs)languagemodelto
oneendof the cascade,we canimplementprobabilisticnoisy-channelmodels.1 Fig-
ure1 shows a cascadeof FSAsandFSTsfor theproblemof transliteratingnamesand
technicaltermsacrosslanguageswith differentsoundsandwriting systems[1].

The®nite-stateframework is popularbecauseit offerspowerful, genericoperations
for statisticalreasoningandlearning.Therearestandardalgorithmsfor:

– intersectionof FSAs
– forward application of stringsandFSAsthroughFSTs
– backward application of stringsandFSAsthroughFSTs
– compositionof FSTs
– k-best pathextraction
– supervisedandunsupervisedtraining of FSTtransitionprobabilitiesfrom data

Evenbetter, thesegenericoperationsarealreadyimplementedandpackagedin re-
searchsoftwaretoolkits suchasAT&T' s FSM toolkit [2], Xerox's ®nite-statecalculus
[3,4], vanNoord'sFSAUtilities [5], theRWTH toolkit [6], andUSC/ISI's Carmel[7].

1 In thenoisy-channelframework,welook for theoutputstringthatmaximizesP(output� input),
whichis equivalent(by BayesRule)to maximizingP(output)� P(input � output).The�rst term
of theproductis oftencapturedby aprobabilisticFSA,thesecondtermby aprobabilisticFST
(or a cascadeof them).
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Fig.1.A cascadeof probabilistic�nite-statemachinesfor English/Japanesetransliteration[1]. At
thebottomis anoptically-scannedJapanesekatakanastring.The�nite-statemachinesallow usto
computethemostprobableEnglishtranslation(in thiscase,“MastersTournament”)by reasoning
abouthow wordsandphonemesaretransformedin thetransliterationprocess.



Indeed,Knight & Al-Onaizan[8] describehow to usegeneric®nite-statetools to
implementthestatisticalmachinetranslationmodelsof [9]. Their schemeis shown in
Figure2, and [8] givesconstructionsfor the transducers.Likewise, Kumar& Byrne
[10] do this job for thephrase-basedtranslationmodelof [11].

FSA�

Mary did notslapthegreenwitch�

FST�

Mary notslapslapslapthegreenwitch
�

FST
�

Mary notslapslapslapNULL thegreenwitch�

FST�

Mary nodió unabofetadaa la verdebruja�

FST�

Mary nodió unabofetadaa la bruja verde

Fig.2. Thestatisticalmachinetranslationmodelof [9] implementedwith a cascadeof standard
�nite-state transducers[8]. In this model,anobserved Spanishsentenceis “decoded”backinto
Englishthroughseverallayersof wordsubstitution,insertion,deletion,andpermutation.

2 Trees

Despitethe attractive computationalpropertiesof ®nite-statetools,no oneis particu-
larly fond of their representationalpower for naturallanguage.They arenot adequate
for long-distancereorderingof symbolsneededfor machinetranslation,andthey cannot
implementthetrees,graphs,andvariablebindingsthathave provenusefulfor describ-
ing naturallanguageprocesses.So over the pastseveral years,researchershave been
developingprobabilistictr ee-basedmodelsfor

– machinetranslation(e.g.,[13,14,12,15,16,17])
– summarization(e.g.,[18])
– paraphrasing(e.g.,[19])
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Fig.3. A syntax-basedmachinetranslationmodel[12].

– naturallanguagegeneration(e.g.,[20,21,22])
– questionanswering(e.g.,[23]), and
– languagemodeling(e.g.,[24])

An exampleof suchatree-basedmodelis shown in Figure3. Unlike in theprevious
®gures,theprobabilisticdecisionsherearesensitive to syntacticstructure.

We have found that mostof the currentsyntax-basedNLP modelscanbe neatly
capturedby probabilistictr eeautomata. Rounds[25] andThatcher[26] independently
introducedtop-down tr eetransducersasa generalizationof FSTs.Roundswasmoti-
vatedby problemsin naturallanguage:

ªRecentdevelopmentsin thetheoryof automatahave pointedto anextension
of thedomainof de®nitionof automatafrom stringsto trees... partsof math-
ematicallinguisticscanbeformalizedeasilyin a tree-automatonsetting... We
investigatedecisionproblemsandclosureproperties... resultsshouldclarify
thenatureof syntax-directedtranslationsandtransformationalgrammars.º [25]

Top-downtreetransducers[25,26] areoftencalledR-transducers. (R standsfor ªRoot-
to-frontierº).An R-transducerwalksdown aninput tree,transformingit andprocessing
branchesindependentlyin parallel.It consistsof a setof simple transformationpro-
ductions (or rules) like this:

q A

x0 x1 x2

�

B

D

q x1 r x0

r x1



Thisproductionmeans:

Whenin stateq, facing an input treewith root symbolA and threechildren
about which we know nothing, replaceit with a subtreerootedat B with two
children,theleft child beinga D with two childrenof its own.To computeD's
children,recursivelyprocessA's middlechild (with stateq) andA's left child
(with stater). To computeB's right child, recursivelyprocessA's middlechild
(with stater).

Here,ªrecursivelyº meansto take thesubtreerootedat A's child andlook for produc-
tionsthatmight in turnmatchit. R productionsarelimited to left-handsidesthatmatch
only on <state,symbol>pairs,while theright-handsidemayhave any height.Produc-
tionsareoftenwritten textually, e.g.:

q A(x0, x1, x2) � B(D(q x1, r x0), r x1)

If probabilitiesareattachedto individualproductions,thenthetreetransducerbecomes
a probabilistictreetransducer.

Figure4 shows a probabilisticR-transducerbasedon a machinetranslationmodel
similar to [12]. This modelprobabilisticallyreorderssiblings(conditionedon thepar-
ent'sandsiblings' syntacticcategories),insertsJapanesefunctionwords,andtranslates
Englishwordsinto Japanese,all in onetop-down pass.It de®nesa conditionalproba-
bility distribution P(J| E) over all EnglishandJapanesetreepairs.Figure5 shows an
R-derivation from oneEnglishinput tree(with startstateq.s)to onepossibleJapanese
output.

Figure6 shows the correspondingderivation tr ee, which is a recordof the rules
usedin thederivationshown in Figure4. Thereareseveralthingsworth noting:

– Somerules(likeRule4) mayappearmultiple timesin thesamederivationtree.
– Both the input andoutputtreescanbe recoveredfrom thederivation tree,though

this takessomework.
– Thereareusuallymany derivationtreesconnectingthesameinputtree(in thiscase,

English)with the sameoutputtree(in this case,Japanese),i.e., multiple waysof
ªgettingfrom hereto there.º

Thefact thatwe canusetreetransducersto capturetree-basedmodelsproposedin
thenaturallanguageliteratureis signi®cant,becauseextensive work goesinto eachof
thesemodels,for both training anddecoding.Theseareone-off solutionsthat take a
long time to build, andthey aredif®cult to modify. By castingtranslationmodelsas
R-transducers,Graehl& Knight [27] discusshow to addproductionsfor linguisticphe-
nomenanotcapturedwell by previoussyntax-basedtranslationmodels,includingnon-
constituentphrasetranslation,lexicalizedreordering,andlong-distancewh-movement
(Figure7).Having generic,implementedR operationswouldallow researchersto focus
onmodelingratherthancodingandspecializedalgorithmdevelopment.

The purposeof this paperis to explore whetherthe bene®tsof ®nite-statestring
automatacanbeenjoyedwhenwe work with trees—i.e.,whatarethe implicationsof
trying to reasonwith treemodelslikeFigure4, in transducercascadeslike thoseshown



/* translate */

1. q.sS(x0,x1) �

��� �

S(q.npx0, q.vpx1)
2. q.sS(x0,x1) �

��� �

S(q.vpx1, q.npx0)
3. q.npx �

��� �

r.npx
4. q.npx �

��� �

NP(r.npx, i x)
5. q.npx �

��� �

NP(i x, r.npx)
6. q.proPRO(x0) �

��� �

PRO(qx0)
7. q.nnNN(x0) �

��� �

NN(q x0)
8. q.vpx �

��� �

r.vp x
9. q.vpx �

��� �

S(r.vp x, i x)
10.q.vpx �

��� �

S(i x, r.vp x)
11.q.vbzx �

��� �

r.vbzx
12.q.vbzx �

��� 	

VP(r.vbzx, i x)
13.q.vbzx �

��� �

VP(i x, r.vbzx)
14.q.sbarx �

��� 


r.sbarx
15.q.sbarx �

��� �

SBAR(r.sbarx, i x)
16.q.sbarx �

��� �

SBAR(i x, r.sbarx)
17.q.vbgVBG(x0) �

��� �

VP(VB(q x0))
18.q.ppPP(x0,x1) �

��� �

NP(q.npx1, q.px0)
19.q.pP(x0) �

��� �

PN(qx0)
20.q he �

��� �

kare
21.q enjoys �

��� �

daisuki
22.q listening �

��� �

kiku
23.q to �

��� �

o
24.q to �

��� 


ni
25.q music �

��� �

ongaku
26.r.vp VP(x0,x1) �

��� �

S(q.vbzx0, q.npx1)
27.r.vp VP(x0,x1) �

��� �

S(q.npx1, q.vbzx0)
28.r.sbarSBAR(x0, x1) �

��� �

S(q.vbgx0, q.ppx1)
29.r.sbarSBAR(x0, x1) �

��� �

S(q.ppx1, q.vbgx0)
30.r.npNP(x0) �

��� �

q.prox0
31.r.npNP(x0) �

��� �

q.nnx0
32.r.npNP(x0) �

��� �

q.sbarx0
33.r.vbzVBZ(x0) �

��� 


VB(q x0)

/* insert */

34. i NP(x0) �

��� 


PN(wa)
35. i NP(x0) �

��� 


PN(ga)
36. i NP(x0) �

��� �

PN(o)
37. i NP(x0) �

��� �

PN(ni)
38. i SBAR(x0, x1) �

��� 


PS(no)
39. i VBZ(x0) �

��� �

PV(desu)

Fig.4. A probabilistictreetransducer.



Fig.5. An English(input) treebeingtransformedinto a Japanese(output)treeby thetreetrans-
ducerin theprevious�gure. Becausethetransduceris non-deterministic,many otheroutputtrees
arealsopossible.



Fig.6. A derivation tree,or recordof transducerrulesusedto transforma particularinput tree
into a particularoutputtree.With carefulwork, theinput andoutputtreescanberecoveredfrom
thederivationtree.



Fig.7. Treetransduceroperationsfor capturingtranslationpatterns.

in Figures1 and2?Wesurvey theextensiveliteratureontreeautomatafrom thefocused
viewpointof large-scalestatisticalmodeling/training/decodingfor naturallanguage.

In this paper, we give many examplesof treetransducersanddiscusstheir conse-
quences,but we will not give formal mathematicalde®nitionsandproofs(e.g.,ª �����

a tree transduceris a 7-tuple ����� º). For readerswishing to dig further into the tree
automataliterature,we highly recommendtheexcellentsurveys of Gécseg & Steinby
[28] andComonet al [29].

Becausetree-automatatraining is alreadydiscussedin [27,30], this paperconcen-
trateson intersection, composition, forwardandbackwardapplication, andsearch.

3 Intersection

In ®nite-statestringsystems,FSAsrepresentsetsof (weighted)strings,suchasEnglish
sentences.FSAscancaptureonly regular languages(which we refer to hereasregu-
lar string languages(RSLs)to distinguishthemfrom treelanguages).Otherwaysto
captureRSLsincluderegulargrammarsandregularexpressions.Thetypical operation
on FSAsin a noisy-channelcascadeis the intersectionof channel-producedcandidate
stringswith an FSA languagemodel. It is very convenientto usethe sameEnglish
languagemodelacrossdifferentapplicationsthatneedto mapinput into English(e.g.,
translation).

Whenworkingwith trees,ananalogof theRSLis theregular tr eelanguage, which
is a (possiblyin®nite) setof trees.A probabilisticRTL assignsa P(tree)to every tree.
An RTL is usuallyspeci®edby a regular tr eegrammar (RTG), anexampleof which
is shown in Figure8. Alternatively, thereexists an RTL recognitiondevice [31] that



�

= � S,NP, VP, PP, PREP, DET, N,
V, run, the,of,
sons,daughters�

N = � qnp,qpp,qdet,qn,qprep�

S= q
P= � q �

��� �

S(qnp,VP(VB(run))),
qnp �

��� �

NP(qdet,qn),
qnp �

��� �

NP(qnp,qpp),
qpp �

��� �

PP(qprep,np),
qdet �

��� �

DET(the),
qprep �

��� �

PREP(of),
qn �

��� 	

N(sons),
qn �

��� 	

N(daughters)�

Sampleacceptedtrees:

S(NP(DET(the),N(sons)),
VP(VB(run)))

(prob= 0.3)

S(NP(NP(DET(the),N(sons)),
PP(PREP(of),

NP(DT(the),
N(daughters)))),

VP(VB(run)))

(prob= 0.036)

Fig.8. A sampleprobabilisticregular treegrammar(RTG). This RTG accepts/generatesanin�-
nite numberof trees,whoseprobabilitiessumto one.



crawls overaninput,R-style,to acceptor rejectit. Thisdevice is theanalogof anFSA.
In contrastwith FSAs,non-deterministictop-down RTL recognizersarestrictly more
powerful thandeterministicones.

Fig.9. String languageclassesand tree languageclasses.Theseclassesinclude regular string
languages(RSL), regular treelanguages(RTL), context-free (string) languages(CFL), context-
freetreelanguages(CFTL), andindexed(string)languages.

Fig.10.A treelanguagethatis nota regulartreelanguage(RTL).

Thereexistsa standardhierarchyof treelanguageclasses,summarizedin Figure9.
Somesetsof treesare not RTL. An exampleis shown in Figure 10—left and right
subtreesarealwaysof equaldepth,but thereis no way to guaranteethis for arbitrary
depth,asa regulartreegrammarmustproducethesubtreesindependently.

The connectionbetweenstring and tree languages(Figure 9) was observed by
Rounds[25]—if we collect the leaf sequences(yields) of the treesin anRTL, we are
guaranteedto geta stringsetthat is a context-freelanguage(CFL). Moreover, every
CFL is the yield languageof someRTL, and the derivation treesof a CFG form an
RTL. However, anRTL might not bethesetof derivationtreesfrom any CFG(unless
re-labelingis done).



The tree languagein Figure10 is not RTL, but it is a context-free tree language
(CFTL). CFTGallows theleft-handsideof a productionto have variables—theCFTG
for Figure10 is:

S
�

b S
�

N(S) N(x)
�

a

x x

Theyield languageof this non-RTL is {b �

�

: �

���

}, which is not a CFL. We do not
pursueCFTGfurther.

Strings Trees
RSL CFL RTL
(FSA,regexp) (PDA, CFG) (RTA, RTG)

closedunderunion YES([32] p. 59) YES([32] p. 131) YES([28] p. 72)
closedunderintersection YES([32] p. 59) NO ([32] p. 134) YES([28] p. 72)
closedundercomplementYES([32] p. 59) NO ([32] p. 135) YES([28] p. 73)
membershiptesting O(n) ([32] p. 281) O(n




) ([32] p. 140) O(n) ([28] p. 110)
emptinessdecidable YES([32] p. 64) YES([32] p. 137) YES([28] p. 110)
equalitydecidable YES([32] p. 64) NO ([32] p. 203) YES([28] p. 110)

Fig.11.Propertiesof stringandtreelanguageclasses.

How dothepropertiesof treelanguagesstackupagainststringlanguages?Figure11
summarizes.The goodnews is thatRTLs have all of thegoodpropertiesof RSLs.In
particular, RTLs areclosedunderintersection,sothereexistsanalgorithmto intersect
two RTGs, which allows probabilisticRTG languagemodelsto be intersectedwith
possiblyin®nite setsof candidatetreescomingthroughthe noisy channel.RTGs are
thereforea suitablesubstitutefor FSAsin suchprobabilisticcascades.

It is alsointerestingto look at how RTGscancaptureprobabilisticsyntaxmodels
proposedin thenaturallanguageliterature.RTGseasilyimplementprobabilistic CFG
(PCFG)modelsinitially proposedfor taskslikenaturallanguageparsing2 andlanguage
modeling.3 ThesemodelsincludeparameterslikeP(NP � PRO � NP).However, PCFG
modelsdonotperformverywell onparsingtasks.Oneusefulextensionis thatof John-
son[33], which furtherconditionsa node'sexpansionon thenode'sparent,e.g.,P(NP

� PRO � NP, parent=S).This capturesphenomenasuchaspronounsappearingin sub-
jectpositionmorefrequentlythanin objectposition,andit leadsto betterperformance.
Normally, Johnson'sextensionis implementedasastraightPCFGwith new nodetypes,
e.g.,P(NP�

� PRO�
	�� NP� ). This is unfortunate,sincewe areinterestedin getting

2 Theparsingtaskis frequentlystatedasselectingfrom amongtheparsetreesof ainputsentence
theonewith highestP(tree).

3 Thelanguagemodelingtaskis to assigna high P(tree)only to grammatical,sensibleEnglish
trees.



out treeswith labelslikeNPandPRO, notNP� andPRO� . An RTG elegantlycaptures
thesamephenomenawithout changingthenodelabels:

{qstart � S(qnp.s,qvp.s)
qvp.s � VP(qv.vp,qnp.vp)
qnp.s����� � NP(qpro.np)
qnp.s����� � NP(qdet.np,qn.np)
qnp.vp ����� �	� NP(qpro.np)
qnp.vp ����� 
�� NP(qdet.np,qn.np)
qpro.np� ��� � PRO(he)
qpro.np����� � PRO(him)

��� � }

Herewe cancontrastthe0.3 value(pronounsin subjectposition)with the0.05value
(pronounsin objectposition).

A drawbackto theabovemodelis thatthedecisionto generateªheºor ªhimºis not
conditionedon thesubject/objectpositionin thesentence.This canalsobe addressed
in anRTG—themorecontext is useful,themorestatescanbeintroduced.

High-performingmodelsof parsingand languagemodeling [34,24] are actually
lexicalized,with probabilisticdependenciesbetweenheadwordsandtheir modi®ers,
e.g.,P(S=sang� NP=boy VP=sang� S=sang).Becausethey aretrainedonsparsedata,
thesemodelsincludeextensivebackoff schemes.RTGscanimplementlexicalizedmod-
els with furtheruseof states,thoughit is openwhethergoodbackoff schemescanbe
encodedby compactRTGs.

Another interestingfeatureof high-performingsyntaxmodelsis that they usea
markov grammarratherthana®nite list of rewrite rules.Thisallowsthemto recognize
or build an in®nite numberof parent/childrencombinations,e.g.,S � NP VP PP

�

.
Formalmachineryfor this wasintroducedby Thatcher[35], in his extendedcontext-
fr eegrammars (ECFG).ECFGsallow regular expressionson the right-handsideof
productions,andthey maintaingoodpropertiesof CFGs.Any stringsetrepresentedby
anECFGcanalsobecapturedby aCFG,though(of course)thederivationtreesetmay
notbecaptured.

While standardPCFGgrammarsareparameterizedlike this

P
������ (S � ADV NP VP PPPP � S),

markov grammars[34,24] areparameterizedsomewhatlike this:

P�
����� (VP � S) �

P������� (NP � VP, S) �

P������� (ADV � VP, S) �

P������� (STOP � VP, S) �

P
����
�

� (PP � VP, S) �

P
����
�

� (PP � VP, S) �

P
����
�

� (STOP � VP, S)

We cancapturethis exactly by replacingtheright-handsideof eachECFGproduction
with a probabilisticFSA,with transitionsweightedby theparametervaluesabove, re-



sulting in a probabilistic ECFG. The extendedCFG notion canthenbe carriedover
to make anextendedprobabilistic RTG, which is a goodstartingpoint for capturing
state-of-the-artsyntaxmodels.

4 TreeTransducerHierar chy

Beforeturning to treetransducercomposition,we ®rst cover the rich classhierarchy
of tree transducers.Someof theseclassesare shown in Figure12. (This ®gure was
synthesizedfrom many sourcesin thetreeautomataliterature).Standardacronymsare
madeof theseletters:

– R: Top-down transducer, introducedbefore.
– F: Bottom-uptransducer(ªFrontier-to-rootº),with similar rules,but transforming

theleavesof theinput tree®rst, andworking its wayup.
– L: Linear transducer, which prohibitscopying subtrees.Rule4 in Figure4 is ex-

ampleof acopying production,sothiswholetransduceris R but notRL.
– N: Non-deletingtransducer, which requiresthatevery left-hand-sidevariablealso

appearon theright-handside.A deletingR-transducercansimply deletea subtree
(without inspectingit). Thetransducerin Figure4 is thedeletingkind, becauseof
rules 34-39. It would also be deletingif it includeda rule for droppingEnglish
determiners,e.g.,q NP(x0,x1) � q x1.

– D: Deterministic transducer, with a maximumof oneproductionper<state,sym-
bol> pair.

– T: Total transducer, with a minimumof oneproductionper<state,symbol>pair.
– PDTT: Push-down treetransducer, thetransduceranalogof CFTG[36].
– subscript� : Regular-lookaheadtransducer, whichcancheckto seeif aninputsub-

treeis tree-regular, i.e.,whetherit belongsto aspeci®edRTL. Productionsonly ®re
whentheir lookaheadconditionsaremet.

Wealsointroducethepre®xx for transducerswith extendedleft-hand-sideproduc-
tions4 thatcanlook ®nitely deeplyinto the input, performingtestsor grabbingdeeper
material.xR-transducersareeasierto write; for example,wecanhaveaproductionlike

q S

x0:PRO VP

x1:VB x2:NP

�

S

q x1 q x0 q x2

which movesa subjectpronounin betweenthe verb anddirect object,ashappensin
machinetranslationbetweencertainlanguagepairs.

4 Extendedleft-hand-sideproductionsarenot relatedto extendedcontext-free grammarsÐthe
notionsunfortunatelyoverwork thesameadjective.



Fig.12. Sometreetransducerclasses.Upward arrows indicateincreasinglevels of transduction
power (higherclassescancapturemorekindsof transductions).Arrows arelabeledwith a rough
descriptionof thepower thatis addedby moving to thehigherclass.R

�

representsthetransduc-
tion capabilityof two R-transducerschainedtogether.



Fig.13.Complex re-orderingwith anR-transducer.

Actually, thiscasecanbecapturedwith R, throughtheuseof statesandcopying,as
demonstratedwith theseproductions:

q S

x0 x1

�

S

qleft.vp.vx1 qprox0 qright.vp.npx1

qleft.vp.vVP

x0 x1

�

qv x0 qright.vp.npVP

x0 x1

�

qnpx1

Figure13 shows how thetransformationis carriedout.This kind of rule programming
is cumbersome,however, andthesinglexR productionaboveis preferred.

Becauseof their good®t with naturallanguageapplications,extendedleft-hand-
sideproductionswerebrie�y touchedon alreadyin Section4 of Rounds'paper[25],
thoughnot de®ned.xR cannotquite be simulatedby R, becausexR hasthe power to
checktheroot labelof a subtreebeforedeletingthatsubtree,e.g.:

q NP

x0:DET x1:N

� x1



Figure12showsthatR andF areincomparable.R candeletesubtreeswithout look-
ing at them,while F cannot.F cannon-deterministicallymodify a treebottom-up,then
copy theresult,while R hasto makethecopies®rst,beforemodifyingthem.Sincethey
aremodi®edindependentlyandin parallel,R cannotguaranteethatcopiesaremodi®ed
in thesameway.

We canalsoseethatnon-copying RL andFL transducershavereducedpower. Pro-
hibiting both deletionandcopying removesthe differencesbetweenR andF, so that
RLN = FLN. Regularlookaheadaddspower to R [37].

Thestring-processingFSTappearsin Figure12atthelowerright. If wewrite strings
vertically insteadof horizontally, thentheFSTis just anRLN transducerwith its left-
hand-sideproductionslimited to onechild each.StandardFSTsarenon-deleting.FSTs
canalsohave transitionswith bothepsiloninput andepsilonoutput.We show thetree
analogof this in Rule3 of Figure4; we notethatproofsin thetreeautomataliterature
donotgenerallywork throughepsiloncases.

5 Composition

Now we turn to composition.For thestringcase,FSTsareclosedundercomposition,
whichmeansthata longFSTcascadecanalwaysbecomposedof�ine into asingleFST
beforeuse.

By contrast,R is not closedundercomposition,asdemonstratedby Rounds[25].
Theproof is asfollows.We setup oneR-transducerto non-deterministicallymodify a
monadic (non-branching)input treecomposedof somenumberof a's followedby ab;
this transducerchangessomeof thea's to c'sandothera's to d's:

q a

x0

�

c

q x0

q a

x0

�

d

q x0

q b
�

b

We thensetup anotherR-transducerthatsimply placestwo copiesof its input undera
new root symbole:

q x
�

e

r x r x

r c

x0

�

c

r x0

r d

x0

�

d

r x0

r b
�

b

Eachof thesetwo transformationsis R, but no singleR-transducercando bothjobsat
once,i.e., non-deterministicallymodify the input andmake a copy of the result.The
copy hasto bemade®rst, in whichcasebothcopieswouldbeprocessedindependently
andthebrancheswould diverge.ThefactthatR is not closedundercompositionis de-
notedin Figure12by thefactthatR� (theclassof transformationsthatcanbecaptured
with a sequenceof two R-transducers)properlycontainsR.

RL is also not closedundercomposition[38]. To show this, we set up one RL
transducerto passalong its input tree untouched,but only in casethe right branch
passesa certaintest(otherwiseit rejectsthewholeinput):



q a

x0 x1

�

a

q x0 r x1

r a

x0 x1

�

a

q x0 r x1

q b � b q f � f r f � f

We setupanotherRL transducerto simplydeletetheright branchof its input:

q a

x0 x1

�

sx0 sa

x0 x1

�

a

sx0 sx1

sb � b s f � f

No transducercando both jobs at once,becauseno R or RL transducercanchecka
subtree®rst, thendeleteit.

Betternews is that RLN (= FLN) is closedundercomposition,andit is a natural
classfor many of theprobabilistictreetransformationswe ®nd in thenaturallanguage
literature.If we arefond of deleting,thenFL is alsoclosedundercomposition.RTD is
alsoclosed,thoughtotaldeterministictransformationsarenotof muchusein statistical
modeling.Therearealsovariousotherusefulcompositionsanddecompositions[38],
suchasthefactthatRL composedwith RLN is alwaysRL. Thesedecompositionscan
helpusanalyzetransducercascadeswith mixedtransducertypes.

We notein passingthatnoneof the treetransducersareclosedunderintersection,
but stringFSTsfarenobetterin this regard(Figure14).We alsonotethatall thelisted
transducersareasef®ciently trainableasFSTs,givensampletreepairs[27].

6 Forward and Backward Application

Next we turn to transducerapplication,e.g.,what happensif we sendan input tree
throughanR-transducer?Whatform will theoutputtake?

First, the string case:if we feed an input FSA to an FST, the output (image) is
alwaysanFSA. Likewise,if we presentanobservedoutputFSA, we canasktheFST
what inputsmight have producedany of thosestrings(inverseimage), andthis is also
always an FSA. In practice,the situationis even simpler—we turn input FSAs into
identity FSTs,thenuseFSTcompositionin placeof application.

For trees,we canalsocreatean identity treetransducerout of any RTG, but gen-
eral compositionmay not be possible,asdescribedin the previoussection.However,
straightapplicationis adifferentstory—knownresultsaresummarizedin theremainder
of Figure14.

The bad news is that R doesnot preserve regularity. For example,considerthe
transducer



Strings Trees
FST R RL RLN (= FLN) F FL

closedunder YES NO NO YES NO YES
composition [28] p. 162 [28] p. 158 from FL [28], p. 162 [28], p. 158
closedunder NO NO NO NO NO NO
intersection

ef�ciently YES YES YES YES YES YES
trainable [39] [27] from R from R

imageof RSL RTL RTL RTL notRTL RTL
treeis: [28], p. 52 [28], p. 175 from R [28], p. 174
inverseimage RSL RTL RTL RTL RTL RTL
of treeis: [28], p. 52 [28], p. 162 from R from R [28], p. 162 from F
imageof RSL notRTL RTL RTL notRTL RTL
RTL is: [28], p. 52 [28], p. 179 [28], p. 175 from R [28], p. 179 [28], p. 174
inverseimage RSL RTL RTL RTL RTL RTL
of RTL is: [28], p. 52 [28], p. 162 from R from R [28], p. 162 from F

Fig.14.Propertiesof stringandtreetransducers.

q a

x0

�

a

q x0 q x0

q b
�

b

If we supplythis transducerwith aninput RTL consistingof all themonadictreesa
�

b,
thenwe get thenon-RTL outputtreesetshown backin Figure10. Thesameholdsfor
F. In fact, the situationis worsefor F, becauseeven a single input treecan produce
non-RTL output.

Thegoodnewsis thatsendingasingletree(or by extensiona®niteRTL) throughR
guaranteesRTL output.Moreover, theinverseimageof anRTL throughany of R, RL,
RLN, F, or FL is still RTL. This is relevantto our noisy-channelcascade,in which the
observed treeis passedbackwardsthroughthe transducercascadeuntil it reachesthe
languagemodel.This will work even for a cascadeof R-transducers,despitethe fact
thatit is notpossibleto composethosetransducersoff-line in thegeneralcase.

Gettingacorrectinverseimageis tricky whenthetransduceris adeletingone(e.g.,
R or RL). A fully-connectedRTL, capableof generatingany treein thelanguage,must
be insertedat every delete-pointgoing backwards.5 Copying alsocomplicatesinverse
imaging,but it canbehandledwith RTL intersection.

5 In practice,we may think twice aboutusingdelete-before-checkto deletean Englishdeter-
miner, e.g.,q NP(x0x1) � x1. In decodingfrom a foreignlanguagewithout determiners,the
inverseimagewill containevery imaginableEnglishsubtreevying to �ll thatdeterminerslot.



Tree-to-String
Rs RLs RLNs

closedundercomposition n.a. n.a. n.a.

imageof treeis: CFL CFL CFL
inverseimageof stringis: RTL RTL RTL
imageof RTL is: notCFL CFL CFL
inverseimageof RSL is: RTL RTL RTL

Fig.15.Propertiesof tree-to-stringtransducers.Thesepropertiesderive from theimagingbehav-
iors of R, RL, andRLN, respectively.

7 Tree-to-StringTransducers

Figure15 shows propertiesof tr ee-to-string transducers,denotedwith suf®x s. Tree-
to-stringtransducerswereintroducedby Aho andUllman [40] for compilers.Several
recentmachinetranslationmodelsarealsotree-to-string[12,30].

We caneasily turn the R-transducerin Figure4 into an Rs-transducerby remov-
ing the internal structureon the right-hand-sidesof productions,yielding a comma-
separatedlist of leaves.For example,insteadof rule26:

r.vp VP

x0 x1

����� 


S

q.vbzx0 q.npx1

we use:

r.vp VP

x0 x1

����� 


q.vbzx0 , q.npx1

ThesampleinputEnglishtreeof Figure5 would thenprobabilisticallytransduceinto a
�at Japanesestring,e.g.:

kare, wa , ongaku, o , kiku , no , ga, daisuki, desu

In contrastwith R, theemptystringis allowedin theright-handsideof Rsproductions.
The inverseimageof a string throughRs is guaranteedto be an RTL, as is the

inverseimageof a whole FSA. This result is similar to resultsthat permit parsingof
latticesby CFGs[41]. This meanswe can put an Rs transducerat the endof a tree
transducercascade,acceptingobserved inputs in string form (as we usuallyobserve
naturallanguageinputs).Or if we havenoisyinput,asfrom speechor opticalcharacter
recognition,thenwe canacceptawholeFSA.



Wemayalsowantto usetree-to-stringtransducersin theforwarddirection,perhaps
passingthe result onto a string-basedlanguagemodel. In this case,we note that if
the input to an RLs-transduceris an RTL, thenthe outputis guaranteedto be a CFL.
However, if we useanRs-transducer, thentheoutputmaybenon-CFL,asin thenon-
context-freeyield languageof thetreesetin Figure10.

8 Search

To solve problemswith string automata,we often sendan observedstring backwards
througha noisy-channelcascadeof FSTsand FSAs—thisultimately transformsthe
string into a probabilisticFSA which encodesandranksall possibleªanswerstrings.º
We canthenextractthebestanswerfrom this FSA with Dijkstra's algorithm[42], and
we canextract thek-bestpathswith the fastalgorithmof Eppstein[43], asis donein
Carmel[7]. Mohri andRiley [44] alsodescribehow to extractthek-bestdistinctstrings
from a weightedautomaton.

Thesituationis similarwith treetransducers.Oncewemanageto sendourobserved
tree(or string, in the caseof Rs) back througha noisy-channelcascadeof transduc-
ers/acceptors,we wind up with a probabilisticRTG of answertrees.We next want to
extract the besttreesfrom that RTG. In general,this RTG may representan in®nite
numberof trees;relatedproblemshavebeenstudiedfor ®nite forestsin [45,46].

Knuth [47] hasconsideredhow to extract the highest-probabilityderivation tree
from a probabilisticCFG(whathecalls thegrammar problem).6 Here,we adapthis
algorithmfor RTG extraction.Knuth givesan explicit quadraticalgorithmandpoints
to an improvementusingpriority queues,which we work out in Algorithm 1. This is
a generalizationof Dijkstra's algorithm,greedily®nalizing the costof oneRTG non-
terminalat a time andrememberingthelowest-costproductionusedto expandit. Each
productionpotentiallyreducesthecostof its left-hand-sideexactlyonce,whenthelast
nonterminalin its right-hand-sideis ®nalized.

To extractthek-besttrees,it is usefulto view RTG extractionasahypergraphshort-
estpathproblem[48,49]. It appearsthatno very ef®cient k-besthyperpathalgorithms
exist yet.

9 Conclusion

Wehaveinvestigatedwhetherthebene®tsof ®nite-statestringautomata(elegant,generic
operationsin supportof probabilisticreasoningfor naturallanguageprocessing)canbe
carriedover into modelingwith trees.We havedistilled relevanttheoryandalgorithms
from theextensive literatureon treeautomata,andour conclusionis positive.

Many openproblemsnow exist in ®nding ef®cient algorithmsto supportwhat is
theoreticallypossible,andin implementingthesealgorithmsin softwaretoolkits.Here
we list someof theproblemsof interest:

6 Knuth's settingis actuallymoregeneralÐheconsidersweightedCFGsandvariousweight-
combinationfunctions.



Algorithm 1 Adaptationof Knuth'salgorithmto extractthebesttreefrom anRTG.
Input : RTG with � nonterminals

�

, and � productionsindexed by ��������� : with rhs non-
terminals 	�
 and lhs �

 , with a rule cost function of the form ��
�������	�
 �������

�


��! !"$#$%'&)(*
���+,�-����+.� , where (*
/��+,� is the numberof occurrencesof nonterminal0

in production� , and �


 �2143$5768��� � � 
 � .

Output : For all 9;:

�

, <>= 9�?��@� is the index of the productionthat builds the cheapesttree
possiblefrom nonterminal� 
 �A9 (with <>= 	 
 ? recursively giving thecheapesttreesfor
thechild nonterminals),and B>= 9�? is costof thattree. <C= 9D?,�FE if therearenocomplete
derivationsfrom 9 . Time complexity is G8���D145>�H�I0�� where( 0 is the total sizeof the
input) if aFibonacciheapis used,or G8�J�K1457�8�L0/� if abinaryheapis used.

begin
for MN:

�

do
B>= MO?,PNQ�R

<>= MS?
PNQIE

Adj = MO?
PNQ � �

B>= T>?.PNQIE

<C= T>?
PNQIE

Adj = T>?.PNQ � �

6!PNQ HEAP-CREATE �U�

HEAP-INSERT �J6�V-TWV�E$�

for �D�I�>�I�OVX	�
Y� �'+

�

V[Z�Z�Z�V/+,\ � do
�

= �J?.PNQ

�




if ]8�AE then
/* fictitious sink nonterminal in rhs: T */

]8PNQA�$V�+

�

PNQLT

^

= �J?2PNQ_] /* ^

= ��? is the number of rhs nonterminals remaining
before production � 's cost is known. */
for �D�a`b�I] do Adj = +Sc[?.PNQ Adj = +Sc[?Sd �'� �

while 6fe �Fg do
M*PNQ HEAP-EXTRACT-MIN �J6��

for �C: Adj = MO? do
if �

= ��?KhiB>= �

U? then
�

= �J?,PNQ

�

= ��?j�k(*
/��M)�XB>= MO?

^

= �J?,PNQ

^

= ��?)Qk�

if ^

= �J?.�FE then
if �

= ��?KhiB>= �

J? then
if B>= �

U?
�AR then HEAP-INSERT �J6�V��

lV

�

= ��?m�

else n�o�pq6rQIsboutwvwo�pwx�oyQ�z�oD9N�J6�V��



V

�

= ��?m� , <C= �



?WPNQ�� ,
B>= �



?.PNQ

�

= ��?

end



1. Whatis themostef®cientalgorithmfor selectingthek-besttreesfrom aprobabilis-
tic regulartreegrammar(RTG)?

2. How canef®cient integratedsearchbe carriedout, so that all treeacceptorsand
transducersin a cascadecansimultaneouslyparticipatein thebest-treesearch?

3. Whatsearchheuristics(beaming,thresholding,etc.)arenecessaryfor ef®cientap-
plicationof treetransducersto large-scalenaturallanguageproblems?

4. Whatis themostef®cientalgorithmfor composingprobabilisticlinear, non-deleting
(RLN) treetransducers?

5. Whatis themostef®cientalgorithmfor intersectingprobabilisticRTGs?
6. What are the mostef®cient algorithmsfor forward andbackward applicationof

tree/treeandtree/stringtransducers?
7. For large tree transducers,what datastructures,indexing strategies,andcaching

techniqueswill supportef®cientalgorithms?
8. Whatis thelinguistically mostappropriatetreetransducerclassfor machinetrans-

lation?For summarization?Whichclassesbesthandlethemostcommonlinguistic
constructions,andwhichclassesbesthandlethemostdif®cult ones?

9. CancompactRTGsencodehigh-performingtree-basedlanguagemodelswith ap-
propriatebackoff strategies,in thesamewaythatFSAtoolscanimplementn-gram
models?

10. What arethe theoreticalandcomputationalpropertiesof extendedleft-hand-side
transducers(x)?E.g.,is xRLN closedundercomposition?

11. Wheredo synchronousgrammars[50,17] and tree cloning [15] ®t into the tree
transducerhierarchy?

12. As many syntacticandsemantictheoriesgenerateacyclic graphsratherthantrees,
cangraphtransducersadequatelycapturethedesiredtransformations?

13. Are theretreetransducersthatcanmove unboundedmaterialoverunboundeddis-
tances,while maintainingef®cientcomputationalproperties?

14. In analogywith extendedcontext-freegrammars[35], aretheretypesof treetrans-
ducersthat canprocesstreesetswhich arenot limited to a ®nite setof rewrites
(e.g.,S � NP VP PP

�

)?
15. Can we build tree-transducermodelsfor machinetranslationthat: (1) ef®ciently

train on large amountsof humantranslationdata,(2) accuratelymodel that data
by assigningit higherprobabilitythanothermodels,and(3) whencombinedwith
searchalgorithms,yield grammaticalandaccuratetranslations?

16. Canwe build useful,generictree-transducertoolkits, andwhatsortsof program-
ming interfaceswill bemosteffective?
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