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ABSTRACT 
 

This paper is a continuation of the work presented in [5]. 
Iterative compact device models with quantum mechanical 
effects for a Double Gate (DG) MOSFET are presented 
using the Lambert function approach [4, 5]. The quantum 
model is based on the triangular potential and band gap 
widening approximations on the intrinsic electron density 
[1, 2]. The channel current model simulation results are 
shown in Figure 2-3 and in Figure 4 the charge and 
capacitance simulations are compared with the 
Schrödinger-Poisson one dimensional numerical results that 
are generated from SCHRED [6]. 
  
Keywords: device modeling, DG MOSFET, quantum effect, 
SPICE 
 

1 INTRODUCTION 
 

Taur and Lu, [3], have derived expressions for the I-V 
characteristics for DG MOSFET device which has the 
geometry shown in figure 1.  The formula obtained in [3] 
requires the solution of a transcendental equation for an 
intermediate function β . In this paper this transcendental 
equation, (3), is solved iteratively with very fast 
convergence using the rational functions listed in the last 
section (see the Appendix). The work also includes 
quantum mechanical effects for nano-scale DG MOSFET.  

An accurate model for quantum confinement effects in a 
nano-scale DG MOSFET device can be achieved by 
solving the coupled Schrödinger and Poisson equations 
using self-consistent numerical methods [1, 6]. However, 
some approximations must be made on the electrostatic 
potential near the silicon/oxide interface to get a compact 
analytical model. The approximations used for an analytical 
solution usually come in the form of triangular potential 

well profile, with effective surface field [1, 2, 9].  The 
triangular potential approximation is used here for 
modeling the channel current and total gate capacitance.  

 

Figure 1.  The structure of a double gate (DG) MOSFET 

 
2  COMPACT DEVICE MODELS WITH 

QUANTUM MECHANICAL EFFECT 
 

The channel current for undoped (or lightly doped) long 
channel DG MOSFET with very thin oxide is derived in [3] 
as  
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The electron density is       /)( thVV
ienn −= ψ . The total 

mobile charge per unit gate area is given 
by ββεψε tan)/2)(/2(2)/(2 2/ sisitxsi tqkTdxdQ

si
== = . 

The parameters: 
 q represents electron charge. 
 ψ electrostatic potential. 

siε semiconductor permittivity. 

oxε silicon-oxide permittivity. 
 tsi silicon thickness. 
 tox oxide thickness. 
 in  intrinsic density. 
 Vg the gate voltage. 

qkTVth /=  thermal voltage. 

k  Boltzmann constant. 
T temperature. 
V quasi-Fermi potential, where V=0 at the source and 
V=Vds at the drain. 
 
Equation (2) can be recast into the form 
                            xerz rz =2)2(                                      (3) 

 
where ββ tan=z  and νβ erx )sin2(=  
The solution of the above equation (3) is  
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From (3) and (4) we can write 
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where )(zΦ is the solution of the equation  ΦΦ= tanz  

and LambertW(x) function is the solution of WWex = (see 
[7]). As 2/0 πβ ≤≤  the argument of LambertW(x) 
remains positive. Accurate approximations for 
LambertW(x) and the function )(zΦ  are given in the 
Appendix. An iterative solution can easily be found to 
equation (5) by using the low voltage approximation as an 
initial solution to β. To determine the low voltage solution 
it is necessary to rewrite (3) as 
                         ββ ββν costan2ree −− =                         (6)  

    
The right hand side of (6) has the Taylor expansion 
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Equations (6) and (7) give a quadratic in β and by means of 
the quadratic formula we can get the recursion  
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.  Using only 

four iterations one obtains excellent results compared to the 
numerical (see figures 2 and 3).     
 
Quantum effect: One of the reasons that most of the 
modern silicon MOSFETs are fabricated on <100> oriented 
substrates is due to the smallest interface-trap density 
compared to <111> and <110> crystal plane orientations. In 
this section <100> silicon orientation is considered. The 
quantum effect near the silicon/oxide interface can be 
described by solving the 1D Schrödinger equations (for the 
longitudinal effective mass and again for the transverse 
effective mass). However, more than 90% of the electrons 
are concentrated in the ground state and the remaining less 
than 10% are in the first excited state. The computation that 
determines the charge density is simplified by considering 
the Schrödinger equation only along the longitudinal 
direction  
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where jψ is the electron wave function with the 

corresponding energy eigenvalue jE , h  is Planck’s 

constant divided by π2 , *m =0.916me is electron effective 
mass in the direction perpendicular to the transistor channel 
surface and em  is the free electron mass. The boundary 
conditions for the wave function used in this work 
are: 0)()0( =∞→== xx jj ψψ . 
     The band bending near the silicon/oxide interface at 
strong inversion confines the carriers to a narrow surface 
channel and an electron in the semiconductor conduction 
band is bounded and its energy is quantized. A constant 
density of states assumption and the Fermi-Dirac statistics 
give the electron concentration in jth sub-band as  
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where j=0, 1,2 …, fE is the Fermi energy,  
    Substituting the triangular well approximation for U in 
(9) and solving the eigenvalue problem gives the Airy 
functions as solutions for the Schrödinger equation with 
energy eigenvalue   
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where Fs is the surface electric field. 
 
It is also possible to get a similar analytical expression to 
(11) using the Wentzel-Kramer-Brillouin (WKB) method of 
asymptotic approximation (see [8]).  
     Stern, [1], pointed out that (11) is a good approximation 
when the MOS device is at depletion but overestimates the 
ground state eigenvalues at strong inversion by 6% 
compared to the numerical result.    In [9] it is shown that 
replacing Fs by the effective surface field Fseff using the 
weighting coefficient can significantly improve the 
accuracy of (11) at strong inversion.  
    The classical description of the semiconductor intrinsic 
density is 
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where Eg is the semiconductor energy gap and mh is mass of 
the hole. 

 
    As a result of the quantum confinement effect near the 
interface, the semiconductor band gap will increase by 

gEΔ and this increase can be estimated from the energy 
difference of the electron ground state and the edge of 
conduction band, [2, 10]: 
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3  RESULTS AND DISCUSSIONS 
 

In this section we present comparisons of our simulation 
results with the numerical and SCHRED. The simulation 
results in figures 2-4 are generated using (1), (8) and (14). 
The compact iteration approach gives excellent results 
compared to the exact numerical for L=W square device 
(see figures 2 and 3). In figure 4 our quantum confinement 
simulation results give good comparison with the self-
consistent Schrödinger-Poisson numerical results, 
SCHRED. The compact quantum simulation results, dash 
lines, show a significant reduction of the channel current 
and gate capacitance from the classical simulations, which 
are the solid lines. 
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Figure 2: Channel current versus gate voltage for 
Vds=2V, V75.0−=Δφ , sV ⋅= /cm 300 2μ , DG MOSFET 
with 5nm silicon and 1.5nm oxide thicknesses. 
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Figure 3: Channel current versus source-drain voltage for 

sV ⋅= /cm 300 2μ , DG MOSFET with 5nm silicon and 
1.5nm oxide thicknesses. 
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Figure 4: Total mobile charge and gate capacitance versus 
gate voltage plots for sV ⋅= /cm 300 2μ , DG MOSFET 
with 5nm silicon and 1.5nm oxide thicknesses. 
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APPENDIX  

  
I. Approximation of the function )(zΦ : 
The function )(zΦ  is the solution of the equation 

z=ΦΦ tan  and Φtan  can be approximated by the 
rational expression 
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Using the above rational expression, the first approximation 
of )(zΦ  becomes 
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The first order Taylor expansion near 000 tanΦΦ=z  
gives 
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II. Approximation of the Lambert W(x) function 
 
The following rational functions are given in [7] for 
Lambert W function approximation: 
 

2 3 2z(z-1) z(z-1) (z-1) (z-2z )
y = z - +  - +531+z 6(1+z)2(1+z)

2 4 3 2 5z(6z -8z+1)(z-1) z(24z - 58z + 22z -1)(z-1)
 -7 924(1+z) 120(1+z)

4 3 2z(120z - 444z  + 328z -52z + 1)
11720(1+z)

5 4 3 2z(720z -3708z +4400z -1452z +114z-1)
-

50

+

1340(1+z)

        

with z = x/e , provides a good approximation to 
LambertW( )x for 8x <   and the function 

2L L (-2+L ) L (6-9L +2L )2 2 2 2 2 2y = L  - L  +  +  +1 2 2 3L 2L 6L1 1 1
2 3L (-12+36L -22L  + 3L )2 2 2 2     +  +412L1
2 3 4L (60 - 300L  + 350L -125L +12L )2 2 2 2 2 560L1

 

with 1 ln( )L x=  and 2 ln ln( )L x= , is a good 
approximation to LambertW( )x  for 8x ≥ . These two 
formulae together provide a good compact formula for 
LambertW( )x over the entire positive domain.   


