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ABSTRACT 
 
Analytical solutions for the coupled Schrödinger and 

Poisson equations are usually determined using a triangular 
or a parabolic potential approximation near the 
silicon/oxide interface [1-3]. The sub-band energy levels 
and charge centroid results that are determined from the 
Schrödinger-Poisson solution are used in compact modeling 
to estimate quantum effects on MOS structures. In this 
paper we present improved analytical sub band energy 
levels and charge centroid models derived using asymptotic 
and WKB approximations from the coupled Schrödinger 
and Poisson equations [4, 5]. These give good agreement 
with numerical results, showing improvement over 
triangular and parabolic potential approximation results at 
high surface fields. 
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1 INTRODUCTION 
 
One of the approaches used to model quantum effects in 

a nano-scale MOSFET device is by solving the coupled 
Schrödinger and Poisson equations. These coupled 
equations can be solved directly using numerical methods 
[1, 6, 7]. However, some approximations must be made to 
get compact analytical models that are needed to increase 
computational speed for circuit analysis application.   

The approximations used for analytical solution usually 
come in a form of triangular or parabolic electric potential 
profile near the silicon/oxide interface and give analytical 
results for the inversion charge centroid and sub-band 
energy. These analytical models are useful for compact 
modeling of the MOS device [2, 3, 8]. In this paper we 
compare the triangular and parabolic approximations with 
exact asymptotic results, based on the Wentzel-Kramer-
Brillouin (WKB) method of solving the Schrödinger 

equation [5]. The next section shows the mathematical 
framework for developing the models. 

 
2 MODEL EQUATIONS AND 

DERIVATION 
 

Poisson equation: 
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expressions for the classical charge density. The 
assumption here is that the doping density da NN >>  in 

the silicon, where dN  and aN  are the donor and acceptor 
doping densities respectively. The parameter q represents 

electron charge, sε semiconductor permittivity, n  electron 

density, p hole density, in  intrinsic density, qkTVth /= , 

k  Boltzmann constant and T temperature.  
       The boundary conditions consist of the continuity of 
electric potential and the electric displacement,  
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silicon/oxide interface 01 =x , where oxt  is the oxide 

thickness, oxε  is the oxide permittivity, sε is permittivity 
of the silicon, Vgs is the gate voltage, Vs is the surface 
potential and Vfb is the flat band voltage. Scaling the co-
ordinate perpendicular to the channel, electrostatic 
potential, quasi-Fermi potential according to 
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where ia nN /=λ  and 2/ qnkTL isd ε= is the Debye 
length, allows equation (1) to be written as 
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In the inversion layer the appropriate scaling is λln~ xx =  
and the first order asymptotic approximation there gives the 
Poisson equation in scaled variables as [9]: 
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The solution of (4) is suitably matched to the depletion 
layer, and applying the boundary condition at x=0, gives 
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The value of 0α  is determined from the transcendental 
equation, 
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An expansion of equation (5) for small x~ gives 
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By approximating energy due to the band offset at the 
silicon/oxide interface to be sqV , the triangular potential 
well approximation at strong inversion gives the potential 
energy as 
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The energy band offset at the interface forces the potential 
energy to be zero at x1=0, [6, 7].  

 
Schrödinger equation: 
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where jψ is the electron wave function with the 

corresponding energy eigenvalue jE , h  is Planck’s 

constant divided by π2 and *m is electron effective mass 
for motion perpendicular to the transistor channel surface. 
The boundary conditions for the wave function used in this 
work are: 0)()0( =∞= jj ψψ . 
     The band bending near the silicon/oxide interface at 
strong inversion confines the carriers to a narrow surface 
channel and an electron in the semiconductor conduction 
band is bounded and its energy is quantized. The model 
used for electron concentration in jth sub-band is,  
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 where fE is the Fermi energy, em is the electron mass and 
j=0, 1, 2 (in this work only the first three sub-bands are 
considered to be important). 
    Substituting the triangular approximation (8) into (9) and 
solving the eigenvalue problem gives the Airy functions as 
solutions for the Schrödinger equation with energy 
eigenvalue   
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Stern, [1], pointed out that (11) is a good approximation 
when the MOS device is at depletion but overestimates the 
ground state eigenvalues at strong inversion by 6% 
compared to the exact result. In [3], the energy eigenvalue 
expression (11) is claimed to be improved using a parabolic 
potential well and this improvement reduces the values of 
(11) by a factor of 3/2)2/3( .  The model in [3] gives good 
comparison with the numerical Schrödinger-Poisson results 
at strong inversion. 
    It is also possible to get analytical expressions for the 
energy eigenvalues and eigenfunctions using the WKB 
method without using any approximation on the potential 
given in (5). Let us first rewrite (9) as 
   

j
j zQ

dz
d

ψ
ψ

ε )(2

2
2 =                                                     (12) 

 

where *2/ mh=ε , 
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In this work the turning point *

1x for the function Q is used 
as the charge centroid distance that is given in inverse 
form, 0)( *

1 =xQ , and a similar method is used in [3]. 
 The WKB solution of (12) for regions 
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where A is the normalization constant, 
          Ai(x) is the Airy function, and 
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Using (13) and the boundary condition at x1=0 give 
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An analytical expression for the energy eigenvalues jE can 
be determined by solving equation (14). The above integral 
I can be rewritten using a change of variables: 
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Using the first term of the expansion 
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equations (14) and (15) give the result  (11) for the energy 
eigenvalues. If we also include the next two terms and solve 
for the eigenvalue jE , an improvement over (11) is 
achieved: 
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3  RESULTS AND COMPARISONS 

 
 
In this section we present different comparisons of our 

results with the numerical, triangular and parabolic 
approximations. In all comparisons below (Figure 1 to 4), 
the relative doping density is λ=107, and the quasi-Fermi 
potential φ and Fermi energy fE are considered to be zero.  

In Figure 1 we show that using our new approximation 
(17) to determine the WKB integral I values in (14) gives a 
better result compare to the triangular approximation at 
strong inversion region. Figure 2 shows the numerical value 
of α0 that is determined from the transcendental equation 
(6), and α0 changes somewhat linearly with the surface 
potential when the surface potential is below about 0.5V. 
But afterwards it remains constant when the surface 
potential is greater than 0.5V. The charge centroid distance 
in Figure 3 is determined from the turning point of Q and 
averaged over the sub-band energy density Nj, which is 
given in (10). As expected the triangular approximation 
loses its accuracy at strong inversion compare to the exact 
solution. The final Figure 4 shows comparison of (17) with 
triangular (11) and parabolic, [3], approximations. Our 
model gives accurate result in both the depletion and 
inversion operational regions of the device with a smooth 
transitional region. However, the triangular approximation 



is only accurate at depletion, and the parabolic 
approximation of [3] is good only at strong inversion.      

        
Figure 1: WKB integral, (15), numerical results versus sub-
band energy levels compared with the analytical models for 

different surface potential 

      
Figure 2: Numerical solution of α0 from (6) versus surface 

potential. 

     
Figure 3: Average inversion layer charge centroid distance 

as it estimated from the silicon/oxide interface versus 
surface potential. 

      
Figure 4: Sub-band energy versus surface potential 

comparison of different analytical models. 
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