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Abstract

We discussthe relevanceof k-bestparsing to

recent applicationsin natural languagepro-

cessing,and develop e cient algorithmsfor

k-besttreesin the framewvork of hypegraph
parsing. To demonstratethe e ciengy, scal-
ability and accurag of thesealgorithms,we

presenexperimenton Bikel'simplementation
of Collins' lexicalized PCFG model, and on

Chiangs CFG-basedlecoderfor hierarchical
phrase-basettanslation.We show in particu-
lar haw the improved outputof our algorithms
hasthe potentialto improve resultsfrom parse
rerankingsystemsandotherapplications.

1 Intr oduction

Many problemsin naturallanguageprocessingNLP) in-
volve optimizing someobjective function over a set of
possibleanalysesof an input string. This setis often
exponential-sizedbut can be compactlyrepresentedby
meiging equivalentsubanalysedf the objective function
is compatiblewith a pacledrepresentatiorthenit canbe
optimizede ciently by dynamicprogrammingFor ex-
ample thedistribution of parsetreesfor agivensentence
underaPCFGcanberepresentedsa pacledforestfrom
whichthehighest-probabilityreecanbeeasilyextracted.
However, whenthe objective function f hasno com-
patible pacled representationgxact inferencewould be
intractable.To alleviate this problem,one commonap-
proachfrom machinelearningis loopy belief propag-
tion (Pearl,1988). Another solution (which is popular
in NLP) is to split the computationinto two phasesin
the rst phase,use somecompatibleobjective function
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f0 to producea k-bestlist (the top k candidatesunder
9, which senes as an approximationto the full set.
Then,in the secondphase pptimize f over all the anal-
ysesin the k-bestlist. A typical exampleis discrimina-
tive rerankingon k-bestlists from a generatre module,
suchas(Collins,2000)for parsingand(Shenretal., 2004)
for translation,wherethe rerankingmodel hasnonlocal
featuresthat cannotbe computedduring parsingproper
Anotherexampleis minimum-Bayes-risidecoding(Ku-
mar and Byrne, 2004; Goodman,1998),whereassum-
ing f° de nes a probability distribution over all candi-
dates,oneseekshe candidatewith the highestexpected
scoreaccordingto anarbitrarymetric (e.g.,PARSEVAL
or BLEU); sincein generalthe metric will not be com-
patible with the parsingalgorithm, the k-bestlists can
be usedto approximatethe full distribution f% A simi-
lar situationoccurswhenthe parsercanproducemultiple
derivationsthatareregardedasequivalent(e.g.,multiple
lexicalizedparsetreescorrespondingo the sameunlexi-
calizedparsetree);if we wantthe maximuma posteriori
parsewe haveto sumoverequivalentderivations.Again,
the equivalencerelationwill in generalnot be compati-
ble with the parsingalgorithm,so the k-bestlists canbe
usedto approximatef °, asin DataOrientedParsing(Bod,
2000)andin speectrecognition(Mohri andRiley, 2002).

Anotherinstanceof this k-bestapproachs cascaded
optimization NLP systemsare often cascade®f mod-
ules,wherewe wantto optimizethe modules'objectve
functionsjointly. However, oftena moduleis incompati-
blewith thepacledrepresentationf thepreviousmodule
dueto factorslike non-localdependenciesso we might
want to postponesomedisambiguatiorby propagting
k-bestlists to subsequenphasesasin joint parsingand
semanticole labeling(GildeaandJurafsky, 2002;Sutton
andMcCallum, 2005),informationextractionandcoref-
erenceresolution(Wellner et al., 2004),and formal se-
manticsof TAG (JoshiandVijay-Shanler, 1999).

Moreover, muchrecentwork on discriminativetrain-
ing usesk-best lists; they are sometimesusedto ap-
proximatethe normalizationconstantor partition func-



tion (which would otherwisebe intractable).or to train a
modelby optimizing somemetricincompatiblewith the
pacled representationFor example,Och (2003) shavs
how to train a log-lineartranslationmodel not by max-
imizing the likelihood of training data,but maximizing
the BLEU score(amongothermetrics)of the modelon
the data. Similarly, Chiang(2005) usesthe k-bestpars-
ing algorithmdescribedelown in a CFG-basedbg-linear
translatioormodelin orderto learnfeatureweightswhich
maximizeBLEU.

For algorithms whose pacled representationsare
graphssuchasHiddenMarkov Modelsandother nite-
statemethods Ratnaparkhs MXPARSE parser(Ratna-
parkhi, 1997), and mary stack-basednachinetransla-
tion decodergBrown et al., 1995; OchandNey, 2004),
the k-best paths problemis well-studiedin both pure
algorithmic context (see(Eppstein,2001) and (Brander
and Sinclair, 1995) for surweys) and NLP/Speechcom-
munity (Mohri, 2002; Mohri and Riley, 2002). This pa-
per, however, aims at the k-besttree algorithmswhose
pacled representationsre hypegraphs (Gallo et al.,
1993; Klein and Manning, 2001) (equivalently andor
graphsor pacled forests),which includesmost parsers
andparsing-base¥T decodersAny algorithmexpress-
ible asaweighteddeductve system(Shieberetal., 1995;
Goodman;1999;Nederhof,2003)falls into this class.In
our experimentswe apply the algorithmsto the lexical-
ized PCFGparserof Bikel (2004),which is very similar
to Collins' Model 2 (Collins,2003),andto asynchronous
CFGbasedmachinetranslationsystem(Chiang,2005).

2 Previous Work

As pointedout by CharniakandJohnsor{2005),the ma-
jor di culty in k-bestparsingis dynamicprogramming.
The simplestmethodis to abandondynamic program-
mingandrely onaggressie pruningto maintaintractabil-
ity, asis usedin (Collins, 2000; Bikel, 2004). But this

approachs prohibitively slow, andproducegatherlow-

quality k-bestlists (seeSec.5.1.2). Gildea and Juraf-
sky (2002)describedn O(k?)-overheadxtensionfor the
CKY algorithmandreimplementecCollins' Model 1 to

obtaink-bestparseswith an averageof 14.9 parseser
sentenceTheir algorithmturnsout to be a specialcase
of our Algorithm 0 (Sec.4.1), andis reportedto alsobe

prohibitively slow.

Sincethe original designof the algorithm described
belon, we have becomeaware of two e orts that are
very closelyrelatedto ours,oneby JiménezandMarzal
(2000)andanotherdonein parallelto oursby Charniak
and Johnson(2005). Jiménezand Marzal presentan al-
gorithmvery similar to our Algorithm 3 (Sec.4.4) while
CharniakandJohnsorproposeusinganalgorithmsimilar
to our Algorithm 0, but with multiple passedo improve
e cieng. They applythismethodto the Charniak(2000)

parserto get 50-bestlists for reranking,yielding anim-
provementin parsingaccurag.

Our work di ers from Jiménezand Marzal's in the
following three respectsFirst, we formulate the pars-
ing problemin the more generalframeavork of hyper
graphs(Klein and Manning, 2001), making it applica-
ble to avery wide variety of parsingalgorithmswhereas
Jiménezand Marzal de ne their algorithm as an exten-
sionof CKY, for CFGsin Chomsly NormalForm (CNF)
only. Thisgeneralizatioris notonly of theoreticaimpor-
tance,but alsocritical in the applicationto state-of-the-
art parserssuchas(Collins, 2003)and(Charniak,2000).
In Collins' parsingmodel,for instancetherulesaredy-
namicallygenerate@ndincludeunaryproductionsmak-
ing it very hard to convert to CNF by preprocessing,
whereasour algorithmscan be applieddirectly to these
parsers.Second,our Algorithm 3 hasan improvement
over JiménezandMarzalwhich leadsto a slight theoret-
ical andempiricalspeedupThird, we have implemented
our algorithmson top of state-of-the-artiarge-scalesta-
tistical parsefdecoderaindreportextensive experimental
resultswhile Jiménezand Marzal's was testedon rela-
tively smallgrammars.

On the other hand,our algorithmsare more scalable
andmuchmoregeneratthanthe coarse-to- neapproach
of CharniakandJohnsonln our experimentswe canob-
tain 10000-beslists nearlyasfastas1-bestparsing,with
very modestuseof memory Indeed,Charniak(p.c.) has
adoptedour Algorithm 3 into his own parserimplemen-
tationandcon rmed our ndings.

In the literatureof k shortest-pattproblems,Minieka
(1974) generalizedthe Floyd algorithm in a way very
similar to our Algorithm 0 andLawler (1977)improved
it usinganideasimilar to but a little slower thanthe bi-
narybranchingcaseof our Algorithm 1. For hypeigraphs,
Gallo et al. (1993)studythe shortestyperpathproblem
and Nielsenet al. (2005) extendit to k shortesthyper
path.Ourwork di eresfrom (Nielsenetal., 2005)in two
aspectsFirst, we solve the problemof k-bestderivations
(i.e., trees),not the k-besthyperpathsalthoughin mary
caseghey coincide(seeSec.3 for further discussions).
Secondtheir work assumesion-negative costs(or prob-
abilities 1) sothatthey canapply Dijkstra-like algo-
rithms. Although generatie models,being probability-
based,do not su er from this problem, more general
models (e.g., log-linear models) may require negative
edgecosts(McDonaldet al., 2005; Taskaret al., 2004).
Our work, basedon the Viterbi algorithm,is still appli-
cableaslong asthe hypeigraphis agyclic, andis usedby
McDonaldetal. (2005)to getthek-bestparses.

3 Formulation

Following Klein and Manning (2001), we useweighted
directechypeigraphgGalloetal., 1993)asanabstraction



of the probabilisticparsingproblem.

De nition 1. An ordered hypegraph (henceforthhy-
pergraph) H is a tuple WV, E;t;Ri, whereV is a nite
set of vertices E is a nite set of hypearcs and R
is the set of weights Eachhyperarce 2 E is a triple
e = hr(e); h(e); f(e)i, whereh(e) 2 V is its headand
T(e) 2 V isavectorof tail nodes.f(€) is aweightfunc-
tion from RIT@®I to R. t 2 V is a distinguishedvertex
calledtarget vertex.

Notethatourde nition isdi erentfrom thosein previ-
ouswork in thesensedhatthetails arenow vectoss rather
than sets,so that we canallow multiple occurrence®f
the samevertex in a tail andthereis an orderingamong
thecomponent®f atail.

De nition 2. A hypemgraphH is saidto be monotonidf
thereis a total ordering on R suchthat every weight
function f in H is monotonicin eachof its agumentsac-
cordingto ,i.e.,if f:R™7! R, then81 i m,if g
a0 then f(a;; ;a; am)  f(ay ;a%  am).
We alsode ne thecomparisorfunctionmin (a; b) to out-
putaif a b, orbif otherwise.

In this paperwe will assumehis monotonicity which
correspondgo the optimal substructurgropertyin dy-
namicprogramming/Cormenetal., 2001).

De nition 3. We denotgg = jT(e)j to bethearity of the
hyperarc.If jgf = 0,thenf(e) 2 R is a constaniandwe
call h(e) a source vertex. We de ne the arity of a hyper
graphto bethe maximumarity of its hyperarcs.

De nition 4. The badkward-star BSv) of a vertex v is
the setof incoming hyperarcsfe 2 E j h(e) = vg The
in-degreeof v is jBS(v)j.

De nition 5. A derivation D of a vertex v in a hyper

graphH, its sizejDj andits weightw(D) arerecursvely
de ned asfollows:

" If e 2 BS(v) with jgg = 0,thenD = he i is
a derivation of v, its sizejDj = 1, andits weight
w(D) = f(€)0).

If e 2 BS(v) wherejg > 0 andD; is a derivation
of Ti(e) for1 i je,thenD = Ig;D1 D is
aderiationof v, its sizejDj = 1+ jDjj andits

The orderingon weightsin R inducesan orderingon
dervations:D D% w(D) w(D°).

De nition 6. De ne D;(v) to bethei"-bestderivationof
avectorwe shall denoteby D(v). The k-bestderivations

problemfor hypeigraphsthen,isto nd D(t) givenahy-
pemgraphhv; E; t; Ri.

With the derivationsthusranked, we canintroducea
nonrecursie representatioifor derivationsthatis analo-
gousto the useof badk-pointess in parserimplementa-
tion.

De nition 7. A derivationwith bad-pointes (dbp) D
of v is a tuple hgjji suchthate 2 BSv), andj 2
f1;2;:::;kd®. Thereis a one-to-onecorrespondence
betweerdbpsof v andderivationsof v:
re;(ji Jig)i e Dj(Tu(€) Djy(Ti(E)i

Accordingly we extend the weight functionw to dbps:
w(D) =w(D)if D D. Thisin turninducesanordering
ondbps:D D% w(D) w(D9. LetD;(v) denotethe
it"-bestdbpof v.

Whereno confusionwill arise,we usetheterms deriva-
tion' and dbp' interchangeably

Computationally then, the k-best problem can be
statedasfollows: givenahypergraphH with arity a, com-

As shavn by Klein andManning(2001),hypegraphs
canbeusedto representhe searctspaceof mostparsers
(just as graphs,also known as trellisesor lattices,can
representthe searchspaceof nite-state automataor
HMMs). More generally hypeigraphscanbeusedto rep-
resentthe searchspaceof mostweighteddeductivesys-
tem (Nederhof,2003). For example,the weightedCKY
algorithmgivena contet-freegrammarG = hN; T; P, Si
in Chomsly Normal Form (CNF) andan input string w
canberepresentedsa hypegraphof arity 2 asfollows.
Eachitem [X;i; j] is representedhs a vertex v, corre-
spondingto the recognitionof nonterminalX spanning
w from positionsi + 1 throughj. For eachproductionrule
X! YZin P andthreefreeindicesi < j < k, wehave a
hyperarch(Y:i;K); (Z; k; j)); (X;i;K); fi correspondingo
theinstantiationof theinferencerule Completein thede-
ductive systemof (Shieberet al., 1995),andthe weight
function f isde nedasf(a;b) = ab Pr(X! YZ), which
is the sameasin (Nederhof,2003).1n this sensehyper
graphscanbethoughtof ascompiledor instantiatedver-
sionsof weighteddeductve systems.

A parserdoesnothing more thantraversethis hyper
graph.In orderthat derivation valuesbe computedcor
rectly, however, we needto traversethe hypergraphin a
particularorder:

De nition 8. Thegraphprojectionof ahypegraphH =
h; E;t;Ri is a directedgraphG = hV: E% whereE° =
f(u;v) j 9e 2 BS(v); u 2 T(e)g A hypegraphH is saidto
be acyclicif its graphprojectionG is a directedagyclic
graph;then a topolagical ordering of H is an ordering

'Notethatalthoughwe have de ned theweightof a deriva-
tion asa functionon derivations,in practiceonewould storea
derivation's weightinsidethe dbp itself, to avoid recomputing
it overandover.
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Figurel: Examplef hypemgraph hyperpathandderivation: (a) ahypeigraphH, with t asthetargetvertex andp; g as
sourcevertices,(b) ahyperpath ; in H, and(c) aderivationof t in H, wherevertex u appearswice with two di erent

(sub-)denvations.This would beimpossiblein a hyperpath.

of V thatis atopologicalorderingin G (from sourcedo
taget).

We assumehe input hypegraphis acyclic sothatwe
canuseits topologicalorderingto traverseit. In practice
thehypegraphis typically notknown in advance but the
topologicalorderingoften is, so that the (dynamic) hy-
pelgraphcanbegeneratedn thatorder For example,for
CKY itissu cientto generatall items[X;i; j] beforeall
items[Y:i% j9 whenj® i°>j i(XandY arearbitrary
nonterminals).

Excursus: Derivations and Hyperpaths

Thework of Klein andManning(2001)introducesa cor
respondenceetweenhyperpathsandderivations.When
extendedo thek-bestcase however, thatcorrespondence
nolongerholds.

De nition 9. (Nielsenetal., 2005) Given a hypegraph
H = hv; E;t; Ri, ahyperpath , of destination 2 V isan
acyclicminimalhypegraphH = h ;E ;v;Ri suchthat

1.E E
2.v2V = SezE (T [ fh(e)g

3. 8u 2V, uiseitherasourcevertex or connectedo
asourcevertex in H .

Asillustratedby Figurel, derivations(astrees)aredif-
ferentfrom hyperpathgas minimal hypergraphs)in the
senséhatin aderivationthesamevertex canappeamore
thanoncewith possiblydi erentsub-denvationswhile it
is represente@t mostoncein a hyperpath.Thus,the k-
bestderivationsproblemwe solve in this paperis very
di erentin naturefrom the k-shortesthyperpathsprob-
lemin (Nielsenetal., 2005).

However, the two problemsdo coincidewhenk = 1
(sinceall the sub-denvations must be optimal) and for
this reasonthe 1-besthyperpathalgorithmin (Klein and
Manning,2001) is very similar to the 1-besttree algo-
rithm in (Knuth, 1977).For k-bestcase(k > 1), they also
coincidewhenthe hypemgraphis isomorphicto a Case-
Factor Diagram (CFD) (McAllester et al., 2004) (proof

(Al :B;ij)
(B! 350)
(Al :B;is)) B! 5§k
(AY B ;K

Figure 2: An Earley derivation. Note that item (A !
: B; i;]) appeardwice (predictandcomplete).

1. procedure Viterbi (k)

2 for v 2 V in topologicalorderdo

3: for e2 Bv) do . for all incominghyperarcs

4 Di(v) min (Dy(v); he; 1i) . update
Figure3: Thegenericl-bestViterbi algorithm

omitted). The derivationforestof CFG parsingunderthe
CKY algorithm, for instance,can be representeds a
CFD while the forest of Earley algorithm can not. An

item (or equivalently, a vertex in hypegraph)canappear
twice in an Earley derivation becauseof the prediction
rule (seeFigure2 for anexample).

The k-bestderivations problem has potentially more
applications in tree generation (Knight and Graehl,
2005),which cannot be modeledby hyperpathsBut de-
tailed discussionslongthis line are out of the scopeof
this paper

4 Algorithms

Thetraditional1-bestViterbi algorithmtraverseghe hy-
pemraphin topologicalorderandfor eachvertex v, cal-
culatesits 1-bestderivation D1(v) usingall incominghy-
perarcse 2 BYv) (seeFigure3). If we take the arity of
thehypegraphto be constantthenthe overall time com-
plexity of this algorithmis O(JEj).



4.1 Algorithm 0: na've

Following (Goodman,1999; Mohri, 2002), we isolate
two basicoperationsn line 4 of the 1-bestalgorithmthat
canbegeneralizedn orderto extendthe algorithm: rst,
the formationof the derivation e; 1i out of jg bestsub-
derivations(thisis ageneralizatiorof the binaryoperator

in asemiring);secondmin , which chooseghe better
of two derivations(sameasthe operatorin anidem-
potentsemiring(Mohri, 2002)).We now generalizéhese
two operationgo operateon k-bestlists.

Let r = jg. The new multiplication operation,
mult ¢(e), is performedn threesteps:

1. enumeratehe k" derivationsfhe; j;
ji kg Time: O(k").

iiij8ii1

2. sort these k' derivations (accordingto weight).
Time: O(k" log(k")) = O(rk" logKk).

3. selectthe rst k elementsrom the sortedlist of k'
elementsTime: O(K).

Sotheoveralltime compleity of mult  is O(rk" log k).

We alsohave to extendmin to merge |, which takes
two vectorsof lengthk (or fewer) asinputandoutputsthe
top k (in sortedorder)of the 2k elementsThis is similar
to mege-sort(Cormenet al., 2001) and canbe donein
lineartime O(k). Then,we only needto rewrite line 4 of
the Viterbi algorithm(Figure 3) to extendit to the k-best
case:

4: D)
and the time compleity for this line is O(jgk!¥ logKk),
makingthe overall compleity O(Ejk?logk) if we con-
siderthe arity a of the hypegraphto be constan The
overall spacecompleity is O(jVjk) sincefor eachvertex
we needto storeavectorof lengthk.

In the context of CKY parsingfor CFG, the 1-best
Viterbi algorithm has compleity O(n®jPj) while the k-
bestversionis O(n%jPjk? log k), which s slower by afac-
tor of O(k? logk).

merge (D(v); mult (e))

4.2 Algorithm 1: speedup mult

First we seekto exploit the factthatinput vectorsareall
sortedandthefunction f is monotonic;morewer, we are
only interestedn thetop k elementsf the ki¥ possibili-
ties.

De ne 1to bethevectorwhoseelementsreall 1; de-
ne b' to be the vectorwhoseelementsareall 0 except
bl = 1.

2Actually, we do not needto sortall kid elementsin order
to extractthetop k amongthem;thereis ane cientalgorithm
(Cormenetal., 2001)thatcanselectthe kth bestelementfrom
thek¥ elementsn time O(ki¥). Sowe canimprove theoverhead
to O(k®).

As we computepe = mult (€), we maintaina candi-
datesetC of derivationsthathave the potentialto bethe
next bestderivationin thelist. If we picturetheinputasan
jg-dimensionalspace,C containsthosederiationsthat
have not yet beenincludedin pe, but are on the bound-
ary with thosewhich have. It is initialized to fhe; 1ig. At
eachstep,we extractthe bestderivation from C—call it
he; ji—andappendt to pe. Thenhe;ji mustbereplaced
in C by its neighbors,

fhej+blij1 | jeg

(seeFigure4.2for anillustration). We implementC asa
priority queue(Cormenetal., 2001)to make the extrac-
tion of its bestderivatione cient.At eachiteration,there
areoneExtra ct-Min andjg Inset operationslf we use
abinary-heapmplementatiorfor priority queuesyve get
O(jej logkjej) time compleity for eachiteration® Since
we are only interestedin the top k elementsthereare
k iterationsandthe time compleity for a singlemult
is O(kjej logkje)), yielding an overall time complity of
O(jEjklogk) andreducingthe multiplicative overheaday
a factor of O(k? 1) (agin, assuminga is constant).In
the context of CKY parsing,this reducesthe overhead
to O(klogk). Figure5 shaws the additionalpseudocode
neededor this algorithm.lIt is integratedinto the Viterbi
algorithm(Figure 3) simply by rewriting line 4 of to in-
voke thefunctionMult (g; k):

4: D) merge (D(v); Mult (e;k))

4.3 Algorithm 2: combinemerge | into mult

We canfurther speedup both merge , andmult | by a
similaridea.Insteadof lettingeachmult  generateafull

k derivationsfor eachhyperarce andonly thenapplying
merge | to theresultswe cancombinethecandidatesets
for all the hyperarcsinto a single candidateset. Thatis,
we initialize C to fhe; 1i j e 2 BS(v)g the setof all the
top parsesrom eachincoming hyperarc(cf. Algorithm
1). Indeed,it su cesto keeponly the top k out of the
jBS(v)j candidatesn C, whichwouldleadto asigni cant
speedupn the casewherejBS(v)j k. * Now the top
derivationin C is thetopderivationfor v. Then,wheneer
we remove an elementhe; ji from C, we replaceit with

the jg elementsthe;j + b'i j 1 | jejg(again, asin

Algorithm 1). The full pseudocodéor this algorithmis
shawvn in Figure5s.

3If we maintaina Min-Heapalongwith the Min-Heap,we
can reducethe periteration cost to O(jejlogk), and with Fi-
bonacciheapwe canfurtherimprove it to be O(jg + logk). But
thesetechniquesio not changethe overall compleity whena
is constantaswe will see.

4This can be implementedby a lineartime randomized-
selectionalgorithm(a.k.a.quick-select(Cormenetal., 2001).
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Figure4: An illustration of Algorithm 1 in jg = 2 dimensionsHerek = 3, isthenumerical , andthe monotonic
function f is de ned as f(a;b) = a + b. ltalic numbersonthe x andy axesarea;'s andb;'s, respectiely. We want
to computethe top 3 resultsfrom f(a;b;) with 1 i;j 3. In eachiterationthe currentfrontier is shavn in oval
boxes,with the bold-facedenotingthe bestelementamongthem. Thatelementwill be extractedandreplacedoy its
two neighborg* and) ) in thenext iteration.

1: function Mult (e; k) 1: procedure FindAll KBest(k)
2 cand fhe; lig . initializetheheap 2 for v 2 V in topologicalorderdo
3 p emptylist . theresultof mult 3 FindKBest(v; k)
4 while jpj < kandjcand > 0do 4:
5: Appenbtlext(cand p; k) 5: procedure FindKBest(v; k)
6 return p 6 GetCandigtes(v; k) . initialize theheap
7: 7 while jD(v)j < k andjcandV]j > 0 do
8: procedure Appentlext(cand p) 8 Appentlext(candV]; D(v))
9 he;ji  Extract-Min(cand 9:
10: appendxe;ji top 10: procedure GetCandigtes(v; k)
11 fori  1:::jgdo . addthejg neighbors  11: temp fhe li je2 BS(v)g
12: i j+D 12: candv] thetopkelementsn tenp .
13: if ji0 iD(Ti(e))j andre;j9 < candthen (optional) pruneaway uselesgandidates
14: Inset (cand he;j%) . addtoheap 13: Heapify(candVv])
Figure5: Part of Algorithm 1. Figure6: Algorithm 2
1: procedure LazyKthBest(v; k; k9 . Kis theglobalk
2 if candV] is notde nedthen . rst visit of vertex v?
3 GetCandidtes(v; k9 . initialize theheap
4:  while jD(v)j < k do
5: if jD(v)j > Othen . alreadyhave lastderivationextracted?
6: heiji DM . getlastderivation
7 LazyNext(candV]; &j; k9 . updatethe heapaddingthe successoref lastderivation
8 if jcandVv]j > O then
9: appendExtra ct-Min(candv]) to D(v) . getthenext bestderivationanddeleteit from theheap
10: else
11 break . homorederiations
12:
13: procedure LazyNext(cand e, j, k%
14: fori  1:::jgdo . addthejg neighbors
15: i j+b
16: LazyKthBest(Ti(e); j% k9 . recursvely solve asub-problem
17: if jo jD(Ti(e))j andre;j9 < candthen . if it existsandis notin heapyet
18: Inset (cand he;j%) . addto heap

Figure7: Algorithm 3



Algorithm Time Compleity
1-bestViterbi O(E)
Algorithm O O(Ek?logk)
Algorithm 1 O(Eklogk)
Algorithm 2 O(E + Vklogk)
Algorithm 3 O(E + jDmajklogk)

generalized&M | O(E + jDmajklog(d + k)

Tablel: Summaryof Algorithms.

4.4 Algorithm 3: computemult  lazily

Algorithm 2 exploitedthe ideaof lazy computationper
formingmult  only asmary timesasnecessarBut this
algorithmstill calculatesa full k-bestlist for every ver
tex in the hypemgraph,whereasve areonly interestedn
thek-bestderivationsof thetargetvertex (goalitem). We
canthereforetake lazinesgo anextremeby delayingthe
whole k-bestcalculationuntil after parsing.Algorithm 3
assumeaninitial parsingphasethatgeneratethehyper
graphand nds the 1-bestderivation of eachitem; then
in the secondphase,it proceedsasin Algorithm 2, but
startsat the goalitem andcallsitself recursiely only as
necessaryThe pseudocoddor this algorithmis shovn
in Figure 7.5 As a side note, this secondphaseshould
be applicablealsoto a cyclic hypelgraphaslong asits
derivationweightsarebounded.

Algorithm 2 has an overall complity of O(Ej +
jViklogk) andAlgorithm 3 is O(Ej+ jDmaxk log k) where
iDmax is the size of the longestamongall top k deriva-
tions (for CFGin CNF, jDj = 2n 1forall D, sSOjDmay is
O(n)). Thesearesigni cant improvementsagainstAlgo-
rithms 0 and1 sinceit turnsthe multiplicative overhead
into an additive overhead.In practice,jEj usually dom-
inates,asin CKY parsingof CFG. So theoreticallythe
runningtimesgrow very slowly ask increaseswhich is
exactly demonstrate@y our experimentshelow.

4.5 Summary and Discussionof Algorithms

The four algorithms,alongwith the 1-bestViterbi algo-
rithm andthegeneralizediménezandMarzalalgorithm,
arecomparedn Tablel.

The key di erencebetweenour Algorithm 3 and
Jiménezand Marzal's algorithmis the restrictionof top
k candidatedeforemaking heaps(line 11 in Figure6,
seealso Sec.4.3). Without this line Algorithm 3 could
be consideredas a generalizationof the Jiménezand
Marzal algorithmto the caseof agyclic monotonichy-
pewgraphs.This line is also responsiblefor improving
the time compleity from O(Ej + jDmaxklog(d + K))
(generalizedliménezand Marzal algorithm) to O(JEj +

SThis versioncorrectsthe behaior of the previously pub-
lishedversionin casea vertex hasonly oneincominghyperarc
but hasmorethanonederivations.Furthermoreit improvesthe
e cieng by eliminatingpossibleextrawork in LazyNext.

iDmaxklogk), whered = max, jBS(v)j is the maximum
in-degreeamongall vertices.Soin casek < d, our algo-
rithm outperformsliménezandMarzal's.

5 Experiments

We reportresultsfrom two setsof experimentsFor prob-
abilistic parsing,we implementedAlgorithms 0, 1, and
3 ontop of awidely-usedparser(Bikel, 2004)andcon-
ductedexperimentson parsinge cieng and the qual-
ity of thek-best-listsWe alsoimplementedAlgorithms?2
and3in aparsing-baseMT decodelChiang,2005)and
reportresultson decodingspeed.

5.1 Experiment 1: Bikel Parser

Bikel's parser(2004) is a state-of-the-armultilingual
parsemasedn lexicalizedcontet-free models(Collins,
2003; Eisner 2000).1t doessupportk-bestparsing,but,
following Collins' parse-rerankingvork (Collins, 2000)
(seealso Section5.1.2), it accomplisheghis by sim-
ply abandoningdynamic programming,i.e., no items
areconsidereaquialent(CharniakandJohnson2005).
Theoreticallythetime compleity is exponentialin n (the
input sentencdength) and constantin k, since,without
meging of equivalentitems,thereis nolimit onthenum-
berof itemsin the chart.In practice beamsearchis used
to reducethe obsenedtime 8 But with thestandardbeam
width of 10 #, this methodbecomesgprohibitively expen-
sive for n 25 on Bikel's parser Collins (2000) used
anarrover 10  beamandfurther applieda cell limit of
100, but, aswe will shav belaw, this hasa detrimental
e ectonthequality of the output.We thereforeomit this
methodfrom our speedcomparisonsanduseour imple-
mentationof Algorithm 0 (nave) asthebaseline.

We implementedur k-bestAlgorithms0, 1, and3 on
top of Bikel's parserandconductedxperimentona 2.4
GHz 64-bitAMD Opteronwith 32 GB memory Thepro-
gramis written in Java 1.5 runningon the SunJVM in
senermodewith amaximumheapsizeof 5 GB. For this
experiment,we usedsections02—-21 of the PennTree-
bank(PTB) (Marcusetal., 1993)asthetrainingdataand
section23(2416sentencedpr evaluation asis now stan-
dard.We ran Bikel's parserusingits settingsto emulate
Model 2 of (Collins, 2003).

5.1.1 E ciency

We testedour algorithmsundervariousconditions We
rst did a comparisonof the averageparsingtime per

6In beamsearchpr thresholdpruning eachcell in thechart
(typically containingall theitemscorrespondingo aspari; j])
isreduceddy discardingall itemsthatareworsethan timesthe
scoreof the bestitemin thecell. This is knovn asthebeam
width.

7In this type of pruning,alsoknown ashistayram pruning,
only the bestitemsarekeptin eachcell. This is calledthe
cell limit.



sentenceof Algorithms 0, 1, and 3 on section23, with
k  10000for the standardoeamof width 10 . Fig-
ure 8(a) shaws thatthe parsingspeedof Algorithm 3 im-
proved dramaticallyagainst the other algorithmsandis
nearlyconstanin k, which exactly matcheshe comple-
ity analysis.Algorithm 1 (klogk) alsosigni cantly out-
performsthe baselinenave algorithm(k? log k).

We also did a comparisonbetweenour Algorithm 3
andtheJiménezandMarzalalgorithmin termsof average
heapsize.Figure8(b) shavs thatfor largerk, thetwo al-
gorithmshave thesameaverageheapsize,but for smaller
k, our Algorithm 3 hasa considerablysmalleraverage
heapsize.Thisdi erencds usefulin applicationsvhere
only shortk-bestlists areneededFor example,McDon-
ald et al. (2005) nd thatk = 5 givesoptimal parsing
accuragy.

5.1.2 Accuracy

Oure cientk-bestalgorithmsenableusto searctover
a larger portion of the whole searchspace(e.g. by less
aggressie pruning),thusproducingk-bestlists with bet-
ter quality than previous methods We demonstratehis
by comparingour k-bestlists to thosein (Ratnaparkhi,
1997), (Collins, 2000) and the parallel work by Char
niakandJohnsor{2005)in severalways,includingoracle
rerankingandaveragenumberof foundparses.

Ratnaparkhi(1997) introduced the idea of oracle
reranking: supposethere exists a perfect reranking
schemethat magically picks the bestparsethat hasthe
highest~-scoreamongthetop k parsedor eachsentence.
Then the performanceof this oracle rerankingscheme
is the upperboundof ary actualrerankingsystemlike
(Collins,2000).Ask increasesheF-scords nondecreas-
ing, andthereis somek (which might be very large) at
whichtheF-scorecorverges.

Ratnaparkhreportsexperimentsusing oraclererank-
ing with his statistical parser MXPARSE, which can
computeits k-bestparseg(in his experimentsk = 20).
Collins (2000),in his parse-rerankingxperimentsused
his Model 2 parser(Collins, 2003)with a beamwidth of
10 3 togethemvith acell limit of 100to obtaink-bestlists;
the averagenumberof parsesobtainedper sentencevas
29.2,the maximum,1018 Charniakand Johnson(2005)
usecoarse-to- neparsingon top of the Charniak(2000)
parserandget50-bestists for section23.

Figure 9(a) compareghe resultsof oraclereranking.
Collins' curve corvergesat aroundk = 50 while ours
continuesto increase With a beamwidth of 10 4 and
k = 100, our parserplus oraclereachesan F-scoreof
96:4%, comparedo Collins' 94:9%. CharniakandJohn-
son's work, however, is basedon a completelydi erent

8Thereasorthemaximumis 101andnot100is thatCollins
megedthe 100-bestist usinga beamof 10 2 with the 1-best
list usingabeamof 10 4 (Collins, p.c.).

parsemwhosel-bestF-scoreis 1.5 pointshigherthanthe
1-bestsof oursand Collins', makingit di cult to com-
parein absolutenumbers.So we insteadcomparedthe
relativeimprovementover 1-best Figure9(b) shavs that
our work hasthe largestpercentagef improvementin
termsof F-scorewhenk > 20.

To further explore theimpactof Collins' cell limit on
the quality of k-bestlists, we plotted averagenumberof
parsedor a givensentencéength(Figure10). Generally
speaking,as input sentenceget longer the numberof
parsesgrows (exponentially).But we seethatthe curve
for Collins' k-bestlist goesdown for largek (> 40). We
suspecthis is dueto the cell limit of 100 pruningaway
potentially good parsestoo early in the chart. As sen-
tencegetlonger it is morelik ely thatalower-probability
parsemight contritute eventuallyto thek-bestparsesSo
we infer thatCollins' k-bestlists have limited quality for
largek, andthisis demonstratetly theearlyconvergence
of its oracle-rerankingcore.By comparisonpur curves
of bothbeamwidths continueto grow with k = 100.

All theseexperimentsuggesthatourk-bestparsesre
of betterquality thanthosefrom previous k-bestparsers,
andsimilar quality to thosefrom (CharniakandJohnson,
2005)which hasso far the highestF-scoreafter rerank-
ing, and this might lead to betterresultsin real parse
reranking.

5.2 Experiment 2: MT decoder

Our secondexperimentwas on a CKY-baseddecoder
for a machinetranslationsystem(Chiang,2005),imple-

mentedin Python2.4 acceleratedavith Psycol.3 (Rigo,

2004).We implementedAlgorithms 2 and 3 to compute
k-best English translationsof Mandarin sentencesBe-

causethe CFG usedin this systemis large to begin with

(millions of rules),andthene ectwvely intersectedwvith

a nite-state machineon the English side (the language
model), the grammarconstantfor this systemis quite

large. The decoderusesa relatively narrov beamsearch
fore cieng.

We ranthe decodemn a 2.8 GHz Xeonwith 4 GB of
memory on 331 sentencefrom the 2002NIST MTEval
testset.We testedAlgorithm 2fork = 2';3 i 10,and
Algorithm 3 (o ine algorithm)for k = 2';3 i  20.
For eachsentenceywe measuredhetime to calculatethe
k-bestlist, not including the initial 1-bestparsingphase.
We thenaveragedthe timesover our testsetto produce
the graphof Figure 11, which shows that Algorithm 3
runsanaverageof about300timesfasterthanAlgorithm
2. Furthermorewe were ableto test Algorithm 3 up to
k = 1CP in areasonabl@amountof time ?

9The curvaturein the plot for Algorithm 3 for k < 1000
maybedueto lack of resolutionin thetiming functionfor short
times.
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6 Conclusion

The problemof k-bestparsingandthee ectof k-bestlist

size and quality on applicationsare subjectsof increas-
ing interestfor NLP researchWe have presentechere
a general-purposalgorithm for k-bestparsingand ap-

plied it to two state-of-the-artlarge-scaleNLP systems:
Bikel's implementationof Collins' lexicalized PCFG
model (Bikel, 2004; Collins, 2003) and Chiangs syn-

chronousCFGbasediecodefChiang,2005)for machine
translationWe hopethatthiswork will encouragéurther

investication into whetherlarger and betterk-bestlists

will improve performancén NLP applicationsquestions
which we oursehesintendto pursueaswell.
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