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ABSTRACT Artificial collectives are systems composed of multiple au-
tonomous information or software agents, mobile robots, or nodes in a
sensor or communication networks. In the future, such systems will be re-
sponsible for many important tasks, such as highway traffic control, disaster
response, toxic spill monitoring and clean-up, as well as exploration of other
planets. Because such systems will have to function in environments with
unreliable communication channels, where agents are likely to fail, they will
have to be reliable, scalable, robust, adaptable, and amenable to quantita-
tive mathematical analysis. The last property is important because analysis
is crucial to understanding the issues of the design, control, adaptability
and dynamics of collective behavior. We describe two approaches to dis-
tributed control of artificial collectives and study them quantitatively. The
first, biologically-based control, relies on local interactions among many
simple agents to create desirable collective behavior. The second approach
allows collectives to maximize their world utility using market-based mech-
anisms. We present two applications — foraging in a group of robots and
resource allocation in dynamic environments — that utilize these control
paradigms and perform an analysis of each problem.

0.1 Introduction

Artificial collectives, also known as multi-agent systems, are systems com-
posed of multiple autonomous agents, e.g., software agents, mobile robots,
or nodes in a sensor network, and have become a focus of intense study by
the Artificial Intelligence and Networks communities. The interest is easy
to understand: in the future, many tasks such as directing traffic flow on
roads and highways, coordinating a response to a disaster or emergency,
toxic spill monitoring and clean-up, exploration of other planets, to name
just a few applications, will be delegated to swarms of simple (and cheap)
units, be they information or software agents, mobile embodied agents, or
nodes in a sensor or communications network. These multi-agent swarms
will have to function in dynamic environments where communication chan-
nels are unreliable and agents are likely to fail. Therefore, to be useful, they
will have to satisfy the following criteria: they will have to be (1) reliable:
show good performance in uncertain dynamic environments; (2) scalable:
work equally well for systems composed of tens or thousands of agents; (3)
robust: be tolerant of individual agent error or failure; (4) adaptable: be
tolerant of changing environment or task requirements.

Distributed control schemes in systems composed of simple agents, which
collectively accomplish some desired task, satisfy the above requirements
and are preferable to alternative system architectures. Here by simple
agents we mean agents that are not deliberative, i.e., that do not have
the capacity to reason, plan action or negotiate with other agents. Simple
agents are less likely to fail or produce errors than more complex delibera-
tive agents, making the system more robust. Although deliberative agents
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are also capable of collective action in the absence of central control, these
agents require detailed knowledge about the capabilities and states of other
agents with which they may interact. Acquiring the knowledge necessary to
coordinate collective behavior and carrying out the requisite computation
may be expensive and impractical, especially for systems containing more
than a dozen or so agents.

Several tools are available for studying the behavior of artificial collec-
tives. In the robotics domain, experiment is the most direct way to observe
the behavior of the system. Sensor-based simulators that attempt to realis-
tically model the environment and the robots imperfect sensing of and inter-
action with it, offer another investigation tool. However, experiments and
even grounded simulations, are very costly and time-consuming to imple-
ment, and often do not scale well as the size of the system grows. Numeric
simulations and analytic models are examples of a mathematical approach
that offers an alternative to experiment and grounded simulations. Analy-
sis allows us to efficiently study the behavior of collectives, even very large
ones, and gain insight into system design, (e.g., what parameters optimize
performance or prevent instability, etc.). Despite its power, mathematical
approach has so far not often been used to study artificial collectives (see
[24], [52] and our own [35] and [34] for exceptions).

One the obstacles to wider implementation of artificial collectives is the
difficulty of inverse problem, i.e., specifying the local rules that will lead
to desirable collective behavior, by which we mean the behavior that will
maximize the value of the collective’s global utility. This problem has been
exacerbated by lack of analysis tools to evaluate different designs. In this
paper we discuss two approaches to the design of distributed control for
multi-agent systems and present two analysis tools used to study them. The
first approach, referred to as biologically-based control (Section 0.2), uses
local interactions among many simple agents to create desirable collective
behavior. The second approach to distributed control uses market-based
mechanisms (Section 0.3) for coordination and adaptation between agents.
We describe two applications that utilize these control paradigms and per-
form a quantitative analysis of each problem. We use two different analysis
techniques: the biologically-inspired system is studied analytically, while
the market-based system is studied numerically. The former is a general
analytic approach that can be applied to other artificial collectives satisfy-
ing simple criteria which we define in the paper.

0.2 Biologically-Based Control

Biologically-based control [9], sometimes referred to as Swarm Intelligence
[6], is modeled on social insects (and other species), in which complex collec-
tive behavior arises out of local interactions among simple agents [48]. This
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approach takes advantage of the minimalist design [8, 36] of the individual
agents and the inherent distributedness of the collective exploiting either
direct (agent-to-agent) or indirect (through the environment) local inter-
actions. In the last few years, this control paradigm has been successfully
applied in the collective robotics domain: aggregation [5, 52, 39, 36] and
segregation [23], beacon and odor localization [20, 21], collaborative map-
ping [7], collaborative transportation [27, 33], work division and task allo-
cation [32, 1], flocking and foraging [42, 18]. All these works have been per-
formed using groups of simple, autonomous reactive or behavior-based [2]
robots or embodied simulated agents, exploiting local communication forms
among teammates (implicit, through the environment, or explicit, wireless
communication), and fully distributed control. The simplicity of agents and
their interactions makes the collective behavior of the system amenable to
quantitative mathematical analysis. In this paper we present a method-
ology for creating a mathematical model of an artificial collective using
biologically-based control. We use the well-known (outside of computer sci-
ence) theory of stochastic systems, and show how this analysis applies to a
general class of Markov, or memoryless, agents. We illustrate the approach
by using it to study collaboration in a group of robots and qualitatively
compare the predictions of the mathematical model to the results of exper-
iment and sensor-based simulations.

0.2.1 Mathematical Analysis of Collectives

A mathematical model of a collective comes in two flavors: microscopic
or macroscopic. A microscopic description treats individual agent as the
fundamental unit of the model and describes the agent’s interactions with
other agents and the environment. There are several variations of the mi-
croscopic approach. A common method employed by physicists consists of
writing down the microscopic equations of motion for each agent and solv-
ing them to study the behavior of the system. For large systems, however,
solving equations with many degrees of freedom is often impractical. Mi-
croscopic simulations, such as molecular dynamics, cellular automata [57]
and particle hopping models [14], are popular tools for studying dynam-
ics of large multi-agent systems. In these simulations, agents change state
stochastically or depending on the state of their neighbors. Another exam-
ple of the microscopic approach are the probabilistic models developed by
Martinoli and coworkers [37, 38, 25] to study collective behavior in groups
of robots. Rather than compute the exact trajectories and sensory informa-
tion of individual robots, Martinoli et al. model each robot’s interactions
with other robots and the environment as a series of stochastic events, with
probabilities determined by simple geometric considerations. Running sev-
eral series of stochastic events in parallel, one for each robot, allow them
to study the group behavior of the multi-robot system.

Unlike microscopic models, macroscopic models directly describe collec-
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tive behavior. A macroscopic description offers several advantages over the
microscopic approach. It is more computationally efficient, because it uses
many fewer variables. The macroscopic descriptions also tend to be more
universal and, therefore, more powerful: the same mathematical description
can be applied to other systems governed by the same abstract principles.
Of course, the two descriptive levels are related, and it may be possible in
some cases to exactly derive the parameters of the macroscopic model from
microscopic theory. Schweitzer and coworkers [50] have done just that in
their analytic study of trail formation by ants and people.

Our approach is based on viewing collectives as stochastic systems, there-
fore, it is inherently probabilistic. Though the microscopic description of
such systems may be very complex, we will show that a macroscopic de-
scription takes a very simple (probabilistic) form.

Stochastic Systems Approach: a Tutorial

The behavior of individual agents in a collective has many complex in-
fluences, even in a controlled laboratory setting. Agents are influenced by
external, often unanticipated, forces. For robots, external forces include
friction, which may vary with the type of surface the robot is moving on,
battery power, sound and ambient light. Even if all the forces are known in
advance, the agents are still subject to random events: fluctuations in the
environment, as well as noise in the robot’s sensors and actuators. Each
agent will interact with other agents that are influenced by these and other
events. In most cases it is difficult to predict the agents’ exact trajectories
and thus know which agents will come in contact with one another. Finally,
the agent designer can take advantage of the unpredictability and incorpo-
rate it directly into the agent’s behavior. For example, the simplest effective
policy for obstacle avoidance in robots is for them to turn a random angle
and move forward. In summary, the behavior of agents in a collective is
so complex, the collective itself may best described probabilistically, as a
stochastic system.

Below we present a tutorial on mathematical analysis of stochastic sys-
tems. For details we refer the reader to an excellent text by Van Kam-
pen [29]. We begin by defining some concepts. State labels a set of related
agent behaviors required to accomplish some task. Each of the high level
states may consist of a single action or behavior, or a set of behaviors. For
example, when the robot is in the Searching state, it is wandering around
the arena, detecting objects and avoiding obstacles. In the course of ac-
complishing the task, the robot will transition from one state to another,
and upon completion of the task it may return to the initial state to re-
peat the cycle once again. It is clear that during a sufficiently short time
interval, each agent in a collective is in exactly one of a finite number of
states. Note that there can be one-to-one correspondence between agent
actions/behaviors and states. However, in order to keep the mathematical
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model compact and tractable, it is often useful to coarse-grain the sys-
tem by choosing a smaller number of states, each incorporating a set of
related agent actions or behaviors. Coarse-graining is even more desirable
because we are often interested in finding the minimal model that explains
observed features of the collective.

We associate a unit vector q̂k with each state k = 1, 2, . . . , L. The con-
figuration of the system is defined by the occupation vector

~n =
L∑

k=1

nk q̂k (1)

where nk is the number of agents in state k. The probability distribution
P (~n, t) is the probability the system is in configuration ~n at time t. The
time evolution of this probability distribution is described by the Stochastic
Master Equation.

For systems that obey the Markov property, the future is determined
only by the present and not by the past. Clearly, agents that plan or use
memory of past actions to make decisions, will not meet this criterion;
however, many artificial collectives, specifically those based on reactive and
behavior-based robots, satisfy the Markov property. The Markov property
can be restated more precisely: the configuration of a system at time t+∆t
depends only on the configuration of the system at time t. This fact allows
us to rewrite the marginal probability density P (~n, t + ∆t) in terms of
conditional probabilities:

P (~n, t + ∆t) =
∑
~n′

P (~n, t + ∆t|~n′, t)P (~n′, t).

We can, therefore, write the change in probability density as

P (~n, t + ∆t)− P (~n, t) =
∑
~n′

P (~n, t + ∆t|~n′, t)P (~n′, t) (2)

−
∑
~n′

P (~n′, t + ∆t|~n, t)P (~n, t).

In the continuum limit, as ∆t → 0, Eq. 2 becomes

∂P (~n, t)
∂t

=
∑
~n′

W (~n|~n′; t)P (~n′, t)−
∑
~n′

W (~n′|~n; t)P (~n, t) , (3)

with transition rates defined as

W (~n|~n′; t) = lim
∆t→0

P (~n, t + ∆t|~n′, t)
∆t

. (4)

Equation 3 is known as the Master Equation, and it fully determines the
evolution of a stochastic system. Once the probability distribution P (~n, t)
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is found, we can calculate system properties. Sometimes, however, it is more
useful to study the system’s average quantities. The Rate Equation, which
can be derived from the Master Equation (see, e.g., [29]), governs the time
evolution of average occupation numbers:

∂

∂t
〈nk〉 =

∑
j

wjk(〈~n〉)〈nj〉 − 〈nk〉
∑

j

wkj(〈~n〉) (5)

where wij(〈~n〉) is the transition rate from state j to state i (for simplicity,
we allow only individual transitions between states). This equation has the
following interpretation: occupation number nk will increase in time (first
term in Eq. 5) due to transitions from other states to state k, and it will
decrease in time due to the transitions from the state k to other states
(second term).

The rate equation has been used to model dynamic processes in a wide
variety of systems. The following is a short list of applications: in chemistry,
it has been used to study chemical reactions [17]; in physics, the growth
of semiconductor surfaces [4]; in ecology to study population dynamics
including predator-prey systems [19]; in biology to model the behavior of
ant colonies [46]. The rate equation has also found applications in the social
sciences [22]. However, with the exception of the work by Huberman and
Hogg [24] on computational ecologies and Sugawara and coworkers [53, 54]
on foraging in a group of communicating robots, the rate equation approach
has not been used in the robotics and AI communities.

The rate equation is usually derived from the phenomenological finite
difference equation describing the change in the instantaneous value of a
dynamic variable (e.g., US population) over some time interval ∆t (e.g., a
decade is used by the Census Bureau). By taking the limit ∆t → 0, one
recovers the differential form of the rate equation. For stochastic Markov
systems, the rate equation simply describes the evolution of the first mo-
ment (mean) of the probability distribution. How closely the mean tracks
the behavior of a dynamic variable depends on the magnitude of its fluc-
tuations (higher moments of the distribution). The larger the system, the
smaller the (relative) fluctuations, the more accurately the rate equation
describes the evolution of dynamic variables. In a small system, the experi-
ment may be repeated many times to average out the effect of fluctuations;
therefore, the (continuous) occupation number in the rate equation can be
thought to represent an (integer) dynamic variable averaged over repeated
experiments. Pacala et al. [46] showed that in models of task allocation
in ants, the exact stochastic and the average deterministic models quan-
titatively agree in systems containing as few as ten ants. The agreement
increases as the size of the system grows.
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Rate Equation and Artificial Collectives

The rate equation approach presented above is valid for Markov and semi-
Markov systems, in which the agent’s future state depends only on its
present state and, for semi-Markov systems, on how much time it has spent
in that state, and not on any of the past states. While many systems, includ-
ing reactive and behavior-based robotics and some software agent systems
and sensors, clearly obey the Markov property, other systems composed of
agents with memory, learning or deliberative capabilities do not, and there-
fore, cannot be described by the simple models presented here. However,
the rate equations are useful for studying swarm-like systems of simple
agents. Finding an appropriate mathematical form for the transition rates
is the main challenge in applying the rate equations to real systems. Usu-
ally, the transition is triggered when an agent encounters some stimulus —
be it another agent in a particular state, an object, its location, etc. For
simplicity, we will assume that agents and triggers are dilute and uniformly
distributed in space (though we will consider systems where agents interact
in space, it does not necessarily have to be physical space, but a network,
the Web, etc). The assumption of spatial uniformity may be reasonable
for agents that randomly explore space (e.g., searching behavior in robots
tends to smooth out any inhomogeneities in the robots’ initial distribu-
tion); however, it fails for systems that are strongly localized, for instance,
where all the objects to be collected by robots are located in the center of
the arena. In these anomalous cases, the transition rates will have a more
complicated form and in some cases it may not be possible to express them
analytically altogether. Crowding effects will also make calculation of tran-
sition rates difficult. If the transition rates cannot be calculated from first
principles, it may be expedient to leave them as parameters in the model
and estimate them by fitting the model to data. Another potential limi-
tation of the approach is that, as a mean-field type approach, it is better
suited for larger systems, where fluctuations are relatively less important.
However, as shown by work of Pacala et al., the rate equations approach
becomes a good quantitative description of systems as small as ten agents.
We have obtained excellent quantitative agreement with simulations data
for systems containing as few as two to ten agents [34].

Despite the limitations outlined above, we believe that the rate equa-
tion is a useful tool for mathematical analysis of macroscopic dynamics
of artificial collectives. To facilitate the analysis, we begin by drawing the
macroscopic state diagram of the system. The state diagram can be con-
structed from the details of the individual agent’s behavior, specified by
its controller (often represented as a Finite State Machine). Clearly, in
the worst case, the macroscopic diagram will be represented by the same
Finite State Machine (FSM) as the microscopic controller. However, it is
often useful to coarse-grain the system by merging related blocks into a
single state, thereby reducing the complexity of the macroscopic diagram.
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For example, we may take the searching state of robots to consist of the
actions wander in the arena, detect objects and avoid obstacles. When it is
necessary to explicitly take obstacle avoidance into account, e.g., when the
density of robots becomes high, the searching state may be split into three
states, one for each behavior. In most cases, however, we are interested in
the minimal model that captures the important behavior of the system.
Coarse-graining presents a way to construct such a minimal model. In ad-
dition to the modeler’s intuition, a simple rule of thumb can be used as
a guide for proper coarse-graining — merge only contiguous states of the
FSM. This is easily done (programmatically, if necessary) by drawing a box
around these states. To complete the model, we must also specify transi-
tions between states. These will be represented as arrows leading from one
state to another.

Each state in the macroscopic state diagram corresponds to a dynamic
variable in the mathematical model — the average number of agents in
that state — and it is coupled to other variables via transitions between
states. The mathematical model will consist of a series of coupled rate
equations, one for each state, which describe how the number of agents in
those states changes in time. Every transition will be accounted for by a
term in each equation, with transition rates specified by the details of the
interactions between agents. Note that the macroscopic state diagrams bare
a resemblance to Markov chains [45]. Indeed, our models can be considered
instances of continuous time Markov chain models. However, we are not
interested in studying the characteristics of Markov chains per se (e.g.,
identifying recurrent states, communicating classes, etc.); rather, we use
them as a guide for constructing a model of the collective and studying its
dynamics. In the next section we illustrate our approach by applying it to
study collaboration in a group of robots.

0.2.2 Collaboration in Robots

Collaboration can significantly improve the performance of a collective. In
“strictly collaborative” systems [36], collaboration is an explicit require-
ment, because no single agent can successfully complete the task on its
own. Such systems are common in insect as well as human societies, e.g.,
transport of objects too heavy or awkward to be lifted by a single ant, fly-
ing the space shuttle, playing a soccer match, etc. Collaboration in a group
of robots has been studied by several groups [41, 40, 54, 33, 55, 25]. We will
focus on a specific case study initiated by Martinoli and collaborators [40]
and studied in detail by Ijspeert et al. [25]. In this system collaboration in
a group of reactive robots was achieved entirely through local interactions,
i.e., without explicit global communication or coordination among robots.
This system, therefore, is a compelling and effective model of how collab-
oration may arise in natural systems, such as insect societies. In addition,
the simplicity of the robots’ interactions lends itself to mathematical analy-
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sis. In this section we study an analytical model of collaboration in a group
of robots.

Stick-pulling Experiments in Groups of Robots

The stick-pulling experiments were carried out by Ijspeert et al. to study
the dynamics of collaboration among locally interacting simple reactive
robots. Figure 1 is a snapshot of the physical set-up of the experiments.
The robots’ task was to locate sticks scattered around the arena and pull
them out of their holes. A single robot cannot complete the task on its
own (because the stick is too long) — a collaboration between two robots
is necessary for the task to be successfully completed. In a general case, a
collaboration between an arbitrary number of robots may be required to
successfully complete the task (because sticks may be of varying length). A
collaboration occurs in the following way: one robot finds a stick, and waits
for a second robot to find it, partially lifting the stick out of its hole. When
a second robot finds it, it will grip the stick and pull it out of the ground,
successfully completing the task. (In the general case, a group of some size
has to accumulate at the site of the stick before the required number of
robots necessary to complete the task is present.)

FIGURE 1. Physical set-up of the stick-pulling experiment showing six Khepera
robots (courtesy of A. Martinoli).

The actions of each robot are governed by a simple controller, outlined
in Figure 2. The robot’s default behavior is to wander around the arena
looking for sticks and avoiding obstacles, which could be other robots or
walls. When a robot finds a stick that is not being held by another robot,
it grips it, lifts it half way out of the ground and waits for a period of time
specified by the gripping time parameter. If no other robot comes to its
aid during the waiting period, the robot releases the stick and resumes the
search for other sticks. If another robot encounters a robot holding a stick,
a successful collaboration will take place during which the second robot will
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grip the stick, pulling it out of the ground completely, while the first robot
releases the stick and resumes the search. After the task is completed, the
second robot also releases the stick and returns to the search mode, and
the experimenter replaces the stick in its hole.

Real Robots, Embodied Simulations and Microscopic Modeling

Ijspeert et al. [25] studied the dynamics of collaboration in the stick-pulling
experiment at three different levels: by conducting experiments with physi-
cal robots; using a sensor-based simulator of robots; and using a microscopic
probabilistic model. The physical experiments were carried out in groups
of two to six Khepera robots in an arena containing four sticks. Because
experiments with physical robots are very time consuming, Webots [43],
the sensor-based simulator of Khepera robots, was used to systematically
explore parameters affecting the dynamics of collaboration. The Webots
simulator attempts to faithfully model the environment and replicate the
experiment by reproducing the robots’ (noisy) sensory input and the (noisy)
response of the on-board actuators in order to compute the trajectory and
interactions of all the robots in the arena. The probabilistic microscopic
model, on the other hand, does not attempt to compute trajectories of in-
dividual robots. Rather, it is a numerical model in which the robot’s actions
— encountering a stick, a wall, another robot, a robot gripping a stick, or
wandering around the arena — are represented as a series of stochastic
events, with probabilities based on simple geometric considerations and
systematic tests with one or two real robots. For example, the probability
of a robot encountering a stick is equal to the product of the number of
ungripped sticks, and the detection area of the stick normalized by the
arena area. Probabilities of other interactions can be similarly calculated.
The microscopic simulation consists of running several processes in parallel,
one for each robot, while keeping track of the global state of the environ-
ment, such as the number of gripped and ungripped sticks. According to
Ijspeert et al. the acceleration factor for Webots and real robots can vary
between one and two orders of magnitude for the experiments presented
here. Because the probabilistic model does not require calculations of the
details of the robots’ trajectories, it is about 300 times faster than Webots
for this experiment.

Experimental and Simulation Results

Ijspeert et al. systematically studied the collaboration rate (the number of
sticks successfully pulled out of the ground in a given time interval), and
its dependence on the group size and the gripping time parameter. They
found very good qualitative and quantitative agreement between the three
different levels of experiments, as shown in Figure 3. Their main observa-
tion was that, depending on the ratio of robots to sticks (or workers to the
amount of work), there appear to be two different regimes in the collabora-
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FIGURE 2. Flowchart of the robots’ controller (from Ijspeert et al.).

tion dynamics. When there are fewer robots than sticks, the collaboration
rate decreases to zero as the value of the gripping time parameter grows.
In the extreme case, when the robot grabs a stick and waits indefinitely for
another robot to come and help it, the collaboration rate is zero, because
after some period of time each robot ends up holding a stick, and no robots
are available to help. When there are more robots than sticks, the collab-
oration rate remains finite even in the limit the gripping time parameter
becomes infinite, because there will always be robots available to help pull
the sticks out. Another finding was that when there are fewer robots than
sticks, there is an optimal value of the gripping time parameter which max-
imizes the collaboration rate. In the other regime, the collaboration rate
appears to be independent of the gripping time parameter above a specific
value, so the optimal strategy is for the robot to grip a stick and hold it
indefinitely.

A Mathematical Model of Collaboration

In the following sections we present a macroscopic analytical model of the
stick-pulling experiments in a homogeneous multi-robot system. Such a
model is useful for the following reasons. First, the complexity of a macro-
scopic model is independent of the system size, i.e., the number of robots:
therefore, the time required to obtain solutions for a system of 5, 000 robots
is as long as that to obtain solutions for a system of five robots, whereas for
a microscopic description the time required for computer simulation scales
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FIGURE 3. Collaboration rate vs. the gripping time parameter for groups of
two to six robots and four sticks (from Ijspeert et al). Heavy symbols represent
experimental results, symbols connected by lines are the results of sensor-based
simulations, while the smooth heavy lines are the results of the probabilistic
microscopic model.

at least linearly with the number of robots. Second, our approach allows
us to derive analytic expressions for certain important parameters, (e.g.,
those for which the performance is optimal). It also enables us to study
the stability properties of the system, and see whether solutions are robust
under external perturbation or noise. These capabilities are important for
the design and control of large multi-agent systems.

In order to construct a mathematical model of stick-pulling experiments,
it is helpful to draw the state diagram of the system. On a macroscopic
level, during a sufficiently short time interval, each robot will be in one
of two states: searching or gripping. Using the flowchart of the robots’
controller, shown in Fig. 2, as reference, we include in the search state
the set of behaviors associated with the looking for sticks mode, such as
wandering around the arena (“look for sticks” action), detecting objects and
avoiding obstacles; while the gripping state is composed of decisions and an
action inside the dotted box. We assume that actions “success” (pull the
stick out completely) and “release” (release the stick) take place on a short
enough time scale that they can be incorporated into the search state. Of
course, there can be a discrete state corresponding to every action depicted
in Fig. 2, but this would complicate the mathematical analysis without
adding much to the descriptive power of the model. While the robot is in the
obstacle avoidance mode, it cannot detect and try to grip objects; therefore,
avoidance serves to decrease the number of robots that are searching and
capable of gripping sticks. We studied the effect of avoidance in [35] and
found that it does not qualitatively change the results of the simpler model.
For now, we are interested in the minimal model that reproduces main
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experimental results.
In addition to states, we must also specify all possible transitions between

states. When it finds a stick, the robot makes a transition from the search
state to the gripping state. After both a successful collaboration and when
it times out (unsuccessful collaboration) the robot releases the stick and
makes a transition into the searching state, as shown in Fig. 4. These arrows
correspond to the arrow entering and the two arrows leaving the dotted box
in Fig. 2. We will use the macroscopic state diagram as the basis for writing
down the rate equations that describe the dynamics of the stick-pulling
experiments. Note that the system is a semi-Markov system, because the
transition from gripping to the searching state depends not only on the
present state (gripping) but also on how long the robot has been in the
gripping state, i.e., whether the waiting has timed out. This property of
the system is captured by time-dependent transition rates.

FIGURE 4. Macroscopic state diagram of the multi-robot system. The arrow
marked ’s’ corresponds to the transition from the gripping to the searching state
after a successful collaboration, while the arrow marked ’u’ corresponds to the
transition after an unsuccessful collaboration, i.e., when the robots time out.

The dynamic variables of the model are Ns(t), Ng(t), the number of
robots in the searching and gripping states respectively. Also, let M(t) be
the number of unextracted sticks at time t. The latter variable does not
represent a macroscopic state, rather it tracks the state of the environment.
The rate equations governing the dynamics of the system read:

dNs

dt
= −αNs(t)

(
M(t)−Ng(t)

)
+ α̃Ns(t)Ng(t)

+αNs(t− τ)
(

M(t− τ)−Ng(t− τ)
)

Γ(t; τ) (6)

Ng = N0 −Ns (7)
dM

dt
= −α̃Ns(t)Ng(t) + µ(t) (8)

where α, α̃ are the rates at which a searching robot encounters a stick and
a gripping robot respectively, τ is the gripping time parameter, and µ(t)
is the rate at which new sticks are added. The parameters α, α̃, and τ
connect the model to the experiment. α and α̃ are related to the size of the
object, the robot’s detection radius, or footprint, and the speed at which it
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explores the arena. Γ(t; τ), the fraction of failed collaborations at time t, is
the probability no robot came “to help” during the time interval [t−τ, t]. It
corresponds to the time-dependent transition rates (marked “u” in Fig. 4)
in this semi-Markov system.

To calculate Γ(t; τ) let us divide the time interval [t− τ, t] into K small
intervals of length δt = τ/K. The probability that no robot comes to help
during the time interval [t− τ, t− τ + δt] is simply 1− α̃Ns(t− τ)δt. Hence,
the probability for a failed collaboration is

Γ(t; τ) =
K∏

i=1

[1− α̃δtNs(t− τ + iδt)]Θ(t− τ)

≡ exp
[ K∑

i=1

ln[1− α̃δtNs(t− τ + iδt)]
]
Θ(t− τ) (9)

The step function Θ(t − τ) ensures that Γ(t; τ) is zero for t < τ . Finally,
expanding the logarithm in Eq. (9) and taking the limit δt → 0 we obtain

Γ(t; τ) = exp[−α̃

∫ t

t−τ

dt′Ns(t′)]Θ(t− τ) (10)

The three terms in Eq. 6 correspond to the three arrows between the
states in Fig. 4. The first term accounts for the decrease in the number
of searching robots because some robots find and grip sticks; the second
term describes the successful collaborations between two robots, and the
third term accounts for the failed collaborations, both of which lead to an
increase the number of searching robots. We do not need a separate equa-
tion for Ng, since this quantity may be calculated from the conservation of
robots condition, Eq. 7. Equation 8, states that the number of sticks, M(t),
decreases in time at the rate of successful collaborations but also increases
at the rate new sticks are added. The equations are subject to the initial
conditions that at t = 0 the number of searching robots in N0 and the
number of sticks is M0.

To proceed further, let us introduce n(t) = Ns(t)/N0, m(t) = M(t)/M0,
β = N0/M0, RG = α̃/α, β̃ = RGβ and a dimensionless time t → αM0t,
τ → αM0τ . µ′ is the dimensionless rate at which new sticks are added.
n(t) is the fraction of robots in search state and m(t) is the fraction of
unextracted sticks at time t. Due to the conservation of number of robots,
the fraction of robots in the gripping state is simply 1 − n(t). Equations
6–8 can be rewritten in dimensionless form as:

dn

dt
= −n(t)[m(t) + βn(t)− β] + β̃n(t)[1− n(t)] + n(t− τ)[m(t− τ)

+βn(t− τ)− β]× γ(t; τ) (11)
dm

dt
= −ββ̃n(t)[1− n(t)] + µ′ (12)
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γ(t; τ) = exp[−β̃

∫ t

t−τ

dt′n(t′)] (13)

Equations 11–13 together with initial conditions n(0) = 1, m(0) = 1 de-
termine the dynamical evolution of the system. Note that only two param-
eters, β and τ , appear in the equations and, thus, determine the behavior
of solutions. The third parameter β̃ = RGβ is fixed experimentally and is
not independent. Note that we do not need to specify α and α̃ — they enter
the model only through RG (throughout this paper we will use RG = 0.35,
the value reported in [25]).1 Below we provide a detailed analysis of the
equations.

Results

In [35] we studied the steady state properties of the system (Eq. 11–13) for
the case of a static environment, m(t) = const = 1. Experimentally this was
realized by replacing sticks in their holes after they were pulled out, µ(t) =
α̃Ns(t)Ng(t). Particularly, it was found that for β < βc ≡ 2/(1 + RG) the
steady state collaboration rate, given by R(τ, β) = ββ̃n(τ, β)(1− n(τ, β)),
has a maximum for a certain value of the gripping time parameter τ .

Below we provide an analysis for the case of a dynamically changing envi-
ronment. There are no new sticks added to the system, µ(t) = 0; therefore,
the number of unextracted sticks decreases monotonically. First, we con-
sider the case of τ = ∞, which corresponds to robots gripping the sticks and
holding them part-way out of the ground indefinitely. Solving Eq. 11–13
yields the number of robots in the search state, Fig. 5(a), and the number
of unextracted sticks, Fig. 5(b), as a function of time for two values of β.
A qualitatively different solution is obtained for small and large values of
the parameter β. For small β’s, the fraction of searching robots exponen-
tially decreases to zero and the fraction of unextracted sticks “saturates”
at m(t) → m 6= 0 as t → ∞. For sufficiently large β’s, however, all the
robots are in the searching mode and all the sticks are collected in the long
time limit. This different behavior is illustrated in Fig. 5. For (β = 0.5),
the number of searching robots drops to zero as all robots end up gripping
a stick and only a small fraction of the sticks is collected (solid lines). For
β = 1, however, the number of searching robots first decreases as robots
find sticks, but then it increases because successful collaborations return

1The parameter α can be easily calculated from experimental values quoted in [25]. As
a robot travels through the arena, it sweeps out some area during time dt and will detect
objects that fall in that area. This detection area is VRWRdt, where VR = 8.0 cm/s is

robot’s speed, and WR = 14.0 cm is robot’s detection width. If the arena radius is
R = 40.0 cm, a robot will detect sticks at the rate α = VRWR/πR2 = 0.02 s−1.

According to [25], a robot’s probability to grab a stick already being held by another
robot is 35% of the probability of grabbing a free stick. Therefore, RG = α̃/α = 0.35.

RG is an experimental value obtained with systematic experiments with two real robots,
one holding the stick and the other one approaching the stick from different angles.
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the gripping robots back to the searching state. Eventually, all the sticks
are collected (dashed lines), and all the robots are in the searching state.

FIGURE 5. (a) Fraction of robots in searching state and (b) fraction of unex-
tracted sticks as a function of time for τ = ∞, β = 0.5 (solid), and β = 1
(dashed), where τ is the gripping time parameter and β is the ratio of robots to
sticks.

When the gripping time parameter τ is finite, the solution to Eq. 11
displays characteristic oscillations (Fig. 6(a)) which die out as the solution
approaches its steady state value n(t → ∞) = 1, m(t → ∞) = 0 . Note
that the steady state solution for this case is trivial in the sense that all
the sticks are eventually collected and all the robots are in the searching
state after some transient time. Consequently, we modify the measure of
collaboration as the inverse of the time it takes to collect certain fraction
of sticks (e.g., 0.9 in our analysis). Collaboration rate vs the gripping time
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parameter for different values of β is shown in Fig. 6(b). As for the static
case studied in the experiments, an optimal behavior is seen for small β, i.e.,
for these cases there exists a gripping time parameter that maximizes the
collaboration rate. Note also, that the kinks in the graph are not numeric
artifacts, but are due to our definition of the collaboration rate. Because
n(t) oscillates in the transient regime, the time to collect 100f% of the
sticks will vary significantly if it falls within this regime. We have checked
that these kinks disappear as f → 1.

0.3 Market-Based Control

Previous research has shown that market-based (or game–dynamical) con-
trol strategy, in which agents make “economically” motivated decisions
with the goal of maximizing individual payoff but which result in the op-
timization of some global system property, e.g., world utility, is a feasible
distributed control mechanism for artificial collectives (see, e.g., [56] for an
overview).

Below we present a model of distributed coordination of agents in non-
stationary environments. Specifically, we consider a network of intercon-
nected boolean agents that compete for a resource with a limited capacity
using a form of Minority Games. At each time step the agents face a choice
of whether to use the resource or not, and the agents in the winning group
are rewarded while those in the loosing group are punished. The winning
group is that whose size is less than resource capacity: thus, this game pe-
nalizes overcrowding. We will consider the case where the resource capacity
changes in time and demonstrate that under certain conditions our model
shows globally adaptive and coordinated behavior, resulting in efficient re-
source utilization.

0.3.1 Minority Games

The Minority Game [12] (MG) is a simple model of competing agents yet
it has a very rich dynamics. It was introduced by Challet and Zhang as a
simplification of Arthur’s El Farol Bar attendance problem [3]. The MG
consists of N agents with bounded rationality that repeatedly choose be-
tween two alternatives labelled 0 and 1 (e.g., staying at home or going to
the bar). At each time step, agents who made the minority decision win.
In the Generalized Minority Game [26], the wining group is 1 (0) if the
fraction of the agents who chose “1” is smaller (greater) than the capacity
level η, 0 < η < 1. For η = 0.5, the game reduces to the the traditional MG.
Each agent uses a set of S strategies to decide its next move and reinforces
strategies that would have predicted the winning group. A strategy is sim-
ply a lookup table that prescribes a binary output for all possible inputs. In
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FIGURE 6. (a) Fraction of searching robots for τ = 5 and β = 0.4. (b) Collabo-
ration rate per robot vs gripping time parameter τ for β = 0.25, 0.5, 0.75, 1, for
the bottom to top curves respectively. Collaboration rate is defined as the inverse
of the time needed to collect 90% of the sticks.
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the original version of the game, the input is a binary string containing the
last m outcomes of the game, so the agents interact by sharing the same
global signal. If the agents choose either action with probability 1/2 (the
random choice game), then, on average, the number of agents choosing “1”
(henceforth referred to as utilization) is (N − 1)/2 with standard deviation
σ =

√
N/2 in the limit of large N . The most interesting phenomenon of

the minority model is the emergence of a coordinated phase, where the
standard deviation of utilization, the volatility, becomes smaller than in
the random choice game. The coordination is achieved for memory sizes
for which the dimension of the reduced strategy space is comparable to
the number of agents in the system, 2m ∼ N [13, 49]. It was later pointed
out that the dynamics of the game remains mostly unchanged if one re-
places the string with the actual histories with a random one [10], provided
that all the agents act on the same signal. Analytical studies based on
this simplification has revealed many interesting properties of the minority
model [11, 44].

In addition to the original MG, different versions of the game where
the agents interact using local information only (cellular automata [28],
evolving random boolean networks [47], personal histories [15]), have been
studied. In particular, it was established that coordination still arises out of
local interactions, and the system as a whole achieves “better than random”
performance in terms of the utilization of resources.

In all previous studies the capacity level has been fixed as an external
parameter, so the environment in which the agents compete is stationary.
As we mentioned above, however, we are interested in a situation where the
environment is changing. It is interesting to see if a coordinated behavior
still emerges, and to what degree agents can adapt to the changing environ-
ment. Namely, we study a system of boolean agents playing a generalized
minority game, assuming that the capacity level is not fixed but varies with
time, η(t) = η0 + η1(t), where η1(t) is a time dependent perturbation. The
framework of the interactions is based on Kauffman NK random boolean
nets [30], where each agent gets its input from K other randomly chosen
agents, and maps the input to a new state according to a boolean function
of K variables, which is also randomly chosen and quenched throughout
the dynamics of the system. The generalization we make is that agents are
allowed to adapt by having more than one boolean function, or strategy,
and the use of a particular strategy is determined by an agent based on
how often it predicted the winning group throughout the game. Note that
this approach is very different from adaptation through evolution studied
previously in the context of the minority model [47].

0.3.2 The Model

We consider a set of N boolean agents described by “spin” variables si =
{0, 1}, i = 1, . . . , N . Each agent gets its input from K other randomly
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chosen agents, and maps the input to a new state:

si(t + 1) = F j
i (sk1(t), sk2(t), ..., skK

(t)) (14)

where ski , i = 1, . . . ,K are the set of neighbors, and F j
i , j = 1, . . . , S are

randomly chosen boolean functions (called strategies hereafter) used by
the i-th agent. For each strategy F j

i , the agent keeps a score that moni-
tors the performance of that strategy, adding (subtracting) a point if the
strategy predicted the winning (loosing) side. Let the “utilization” A(t) be
the cumulative output of the system at time t, A(t) =

∑N
i=1 si(t). Then

the winning choice is ”1” if A(t) ≤ Nη(t), and ”0” otherwise. Those in the
wining group are awarded a point while the others loose one. Agents play
the strategies that have predicted the winning side most often, and the ties
are broken randomly.

As a global measure of performance, the world utility, we define efficient
utilization as one that has the smallest cumulative resource “waste”. If
δ(t) = A(t) − Nη(t) describes the deviation from the optimal resource
utilization, cumulative “waste” over a certain time window is

σ =

√√√√ 1
T

t0+T∑
t=t0

δ(t)2 (15)

For η1(t) = 0 this quantity is simply the volatility as defined in the tradi-
tional minority game.

We compare the performance of our system to a default random choice
game, defined as follows: assume that the agents are told what the capacity
η(t) is at time t, and they choose to go to the bar with probability η(t). In
this case the main utilization will be close to η(t)N at each time step, and
the fluctuations around the mean are given by the standard deviation

σ2
0 = N

1
T

∫ t0+T

t0

dt′η(t′)[1− η(t′)] (16)

0.3.3 Results

We performed intensive numerical simulations of the system described
above, with the number of agents ranging from 100 to 104, and for net-
work connectivity K ranging from 1 to 10. Although in our simulations we
used different forms for the perturbation η1(t), in this paper we consider
periodic perturbations only. For each K, a set of strategies was chosen
for each agent randomly and independently from a pool of 22K

possible
boolean functions, and was quenched throughout the game. In all simula-
tions we used S = 2 strategies per agent. Starting from a random initial
configuration, the system evolved according to the specified rules. The du-
ration of the simulation T0 was determined by the particular choice of η(t).
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Depending on the amplitude of the perturbation, we run the simulations
for 10 to 20 periods, and usually used the data for the last two periods to
determine σ.

Our main observation is that networks with K = 2 show a tendency
towards self organization into a phase characterized by small fluctuations,
hence, an effective utilization of the resource, even for relatively large vari-
ations in the capacity level η(t). Note, that in the Kauffman nets with
K > 2 the dynamics of the system is chaotic with an exponentially in-
creasing length of attractors as the system size grows, while for K < 2 the
network reaches a frozen configuration. The case K = 2 corresponds to a
phase transition in the dynamical properties of the network and is often
referred as the “edge of the chaos”. We would like to reiterate, however,
that our system is different from a Kauffman network since the agents have
an internal degree of freedom, characterized by their strategies. Specifically,
our system does not necessarily have periodic attractors, while in Kauff-
man nets periodic attractors are guaranteed to exist due to the finite phase
space and quenched rules of updating.

Fig. 7 shows a typical segment of the time series of the utilization A(t)
for a system of size N = 1000, a sinusoidal perturbation η1(t), and different
network connectivities. For K = 1 the agents react to the changes in the
capacity level, however there are strong fluctuations in the utilization series.
For K = 4, on the other hand, response of the system to the environmental
dynamics is very weak, and, as our results indicate, becomes even weaker
for larger K. Remarkably, the system with K = 2 adapts very efficiently to
changes in the capacity level. The inset of Fig. 7 b) shows the time series of
the deviation δ(t) for K = 2. Initially there are strong fluctuations, hence
poor utilization of the resource, but after some transient time the system as
a whole adapts and the strength of the fluctuations decreases. In fact, the
standard deviation of the fluctuations is considerably smaller than in the
random choice game as defined by Eq. 16. Note also, that the agents have
information only about the winning choice, but not the capacity level. This
suggests that the particular form of the perturbation may not be important
as long as it meets some general criteria for smoothness.

For comparison, we also studied the effect of the changing capacity level
in the traditional (generalized) minority model whit publicly available in-
formation about the last m outcomes of the game. We plot the utilization
and deviation time series for a system with a memory size m = 6 (corre-
sponding to the minimum of σ) in Fig. 8. One can see that in this case
also the system reacts to the external change. However, the structure of
adaptation is very different from the previous case. Indeed, an analysis of
Fig. 8 shows that even though the total “wealth”, i.e., the total points
accumulated by the agents in the system, increases with time, the over-
all performance in terms of resource allocation as described by σ is much
poorer compared to the previous case. Another important difference is that
in the traditional system the distribution of wealth among the players is
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FIGURE 7. A segment of the utilization time series for
η(t) = 0.5 + 0.15sin(2πt/T ),T = 1000 and different network connectivity K.
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FIGURE 8. Same as in Fig 7 for the traditional MG (global histories) with
memory size m=5

much wider than in the system with local information exchange, i.e., the
later mechanism of adaptation is socially more “fair”.

In Fig. 9 we plot the variance per agent versus network connectivity K,
for system sizes N = 100, 200, 500, 1000. For each K we performed 32 runs
and averaged results. Our simulations suggest that the details of this de-
pendence are not very sensitive to the particular form of the perturbation
η1(t), and the general picture is the same for a wide range of functions,
provided that they are smooth enough. As we already mentioned, the vari-
ance attains its minimum for K = 2, independent of the number of agents
in the system. For bigger K it saturates at a value that depends on the am-
plitude of the perturbation and on the number of agents in the system. We
found that for large K the time series of the utilization closely resembles
the time series in the absence of perturbation. This implies that for large
K the agents do not “feel” the change in the capacity level. Consequently,
the standard deviation increases linearly with the number of agents in the
system, σ ∝ N . For K = 2, on the other hand, σ increases considerably
slower with the number of agents in the system, σ ∝ Nγ , γ < 1 (see the
inset in Fig. 9). Our results indicate that the scaling (i.e., the exponent γ)
is not universal and depends on the perturbation.

We do not currently have an analytic theory for the observed emergent
coordination. In contrast to the traditional minority game, where global
interactions and the Markovian approximation allow one to construct a
mean field description, our model seems to be analytically intractable due
to explicit emphasis on local information processing. We strongly believe,
however, that the adaptability of the networks with K = 2 is related to
the peculiar properties of the corresponding Kauffman nets, and partic-
ularly, to the phase transition between the chaotic and frozen phases. It
is known [16] that the phase transition in the Kauffman networks can be
achieved by tuning the homogeneity parameter P which is the fraction of
1’s or 0’s in the output of the boolean functions (whichever is the major-
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FIGURE 9. σ2/N vs the network connectivity for different system sizes and
η(t) = 0.5 + 0.15sin(2πt/T ), T = 1000. Inset plot shows the scaling relationship
between σ and N for K = 2. Average over 16 runs has been taken.

FIGURE 10. Standard deviation per agent vs homogeneity coefficient P for K=3
networks: N=1000, η(t) = 0.5 + 0.15 sin(2πt/T ), T = 1000
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ity), with the critical value given by Pc = 1/2+1/2
√

1− 2/K. To test our
hypothesis, we studied the properties of networks with K = 3 for a range of
homogeneity parameter P . In Fig. 10 we plot σ2/N versus the homogeneity
parameter P . One can see that the optimal resource allocation is indeed
achieved in the vicinity of the Pc ∼ 0.78, indicating that the properties
of Kauffman networks at the phase transition might be responsible in this
emergent coordination. Recent investigation of the coordinated phase using
information theoretic analysis [51] suggests that emergence of the coordi-
nated phase coincides with the growth of clusters of synchronous agents.
More analysis is required to illuminate this insight.

0.4 Related Work

With the exceptions noted below, there has been very little prior work on
mathematical analysis of artificial collectives. The closest in spirit to our
paper is the work by Huberman, Hogg and coworkers on computational
ecologies [24, 31]. These authors mathematically studied collective behav-
ior in a system of agents, each choosing between two alternative strategies.
They derived a rate equation for the average number of agents using each
strategy from the underlying probability distributions. Our approach is
consistent with theirs — in fact, we can easily write down these rate equa-
tions directly from the macroscopic state diagram of the system, without
having to derive them from probability distributions. Therefore, computa-
tional ecologies can be considered another application of the methodology
we described in this paper.

Sugawara and coworkers [52, 54] carried out quantitative studies of co-
operative foraging in a group of communicating and non-communicating
robots in different environments. They have developed a simple state-based
analytical model and analyzed it under different conditions. In their sys-
tem when a robot finds a puck or a collection of pucks, it may broadcast
a signal for a period of time to other robots, which move towards it. The
robots pick up pucks and bring them home. Sugawara et al. did not take
the interaction into account explicitly but in an approximate manner. In
our model of collaboration, we include the duration of the interaction ex-
plicitly, resulting in a better description of the system. Another difference
between their work and ours is that their system is not strictly collabora-
tive — collaboration via signalling improves foraging performance but is
not a requirement for task completion.
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0.5 Conclusion

Distributed control is a superior paradigm for control of artificial collec-
tives that has a number of advantages over alternative designs, namely,
robustness, scalability, reliability, and adaptability. However, the “inverse”
problem of distributed control is notoriously difficult to solve: it is hard to
identify the local rules that will lead to desirable collective behavior. Lack
of analysis tools to evaluate different designs has been one of the major
obstacles to progress in this area.

We presented two approaches to the design of distributed control mech-
anisms for artificial collectives, as well as two analysis tools used to study
these mechanisms. The first design approach is biologically-based control,
that uses local interactions among many simple agents to create desirable
collective behavior. We presented a general methodology for mathematical
analysis of artificial collectives designed according to these principles. Our
analysis applies to a class of systems known as stochastic Markov systems
in which the state of an agent at a future time depends only on the present
state (and perhaps on how much time the agent has spent in this state).
Though each agent’s actions are unpredictable in stochastic systems, the
probabilistic description of the collective behavior is surprisingly simple. It
is given by the Rate Equation, that describes how the average macroscopic
(collective) system properties change in time.

We illustrated our approach by applying it to study collaboration in a
homogeneous group of reactive robots. The robots’ task was to pull sticks
out of their holes, and it could be successfully achieved only through collab-
oration between two robots. The system we modeled was slightly different
from the one studied by Ijspeert et al. [25] in that the number of sticks was
not constant, but decreased as robots pulled them out. Detailed analysis of
the Ijspeert et al. experiments and simulations is presented in a separate
paper [35].

Mathematical analysis shows that the performance of the system where
the number of sticks changes in time is qualitatively similar to the perfor-
mance of the system in the static environment, where the number of sticks
remains constant (see Fig. 3). Indeed, we were able to reproduce some of
the conclusions of the Ijspeert et al. work: namely, the different dynamical
regimes for different values of the ratio of robots to sticks (β) and the op-
timal gripping time parameter for β less than the critical value. Moreover,
some conclusions, such as the importance of the parameter β, fall directly
out of simple analysis of the model, without requiring any time consum-
ing simulations or experiments. In [35] we reported qualitative agreement
between the predictions of the model and results of experiment and simu-
lation. In the simple state-based model we studied, the robot’s future state
depends only on its present state (and on how much time it has spent in
that state). While the reactive and behavior-based robots clearly obey the
Markov property, other systems composed of agents with memory, learn-
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ing or deliberative capabilities do not, and therefore, cannot be described
by the simple models presented here. Creating a mathematical model that
addresses these issues is our next challenge.

The second approach to distributed control uses market-based mecha-
nisms for adaptation of an artificial collective to a dynamically changing
environment. We studied a network of boolean agents playing Minority
Games and competing for use of a resource with a dynamic capacity. We
studied the problem numerically, by simulating games in systems of differ-
ent sizes, network connectivities K, and capacity functions. We established
that networks with connectivity K = 2 can be extremely adaptable and
robust with respect to capacity level changes. For K > 2 the coordination
can be achieved by tuning the homogeneity parameter to its critical value.
The adaptation happens without the agents knowing the capacity level.
Remarkably, the system that uses local information is much more efficient
in a dynamic environment than a system that uses global information.
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