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ABSTRACT

In this paper we study a class of resource allocation games
which are inspired by the El Farol Bar problem. We con-
sider a system of competitive agents that have to choose
between several resources characterized by their time depen-
dent capacities. The agents using a particular resource are
rewarded if their number does not exceed the resource capac-
ity, and punished otherwise. Agents use a set of strategies
to decide what resource to choose, and use a simple rein-
forcement learning scheme to update the accuracy of strate-
gies. A strategy in our model is simply a lookup table that
suggests to an agent what resource to choose based on the
actions of its neighbors at the previous time step. In other
words, the agents form a social network whose connectivity
controls the average number of neighbors with whom each
agent interacts. This statement of the adaptive resource
allocation problem allows us to fully parameterize it by a
small set of numbers. We study the behavior of the system
via numeric simulations of 100 to 5000 agents using one to
ten resources. Our results indicate that for a certain range
of parameters the system as a whole adapts effectively to
the changing capacity levels and results in very little under-
or over-utilization of the resources.

1. INTRODUCTION

The problem of coordination in multi-agent systems (MAS),
where agents have to achieve a consensus in their actions
to receive maximum reward, is an important problem that
has attracted much interest recently [27, 23, 9, 13]. Rein-
forcement learning has been shown to be a general and ro-
bust method for achieving coordination in MAS, even when
agents are not directly communicating or sharing informa-
tion [24]. Game dynamics offers a rich foundation [10] for
studying learning in multi-agent systems. In the game the-
ory formalism, each agent is characterized by a set of strate-
gies and it seeks to maximize its payoff (s.e., utility or profit).
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Game dynamics studies the behavior of agents in response
to games that are played many times successively. Over the
course of the games, the winning strategies are rewarded,
loosing ones are penalized, and the agents maximize their
profit or utility by choosing the best performing strategies.
It is the extra degree of freedom, characterized by the agents’
strategies, that allows the system to adapt in dynamic en-
vironments. Game dynamics has a number of appealing
properties as a control mechanism for multi-agent systems:
it is distributed, flexible and scalable. The agents may vary
in complexity from the very simple agents who do not have
any information about other players or rules of the game,
or even be aware of their existence, to more complex de-
liberative agents who can strategize and reason about their
opponents beliefs and actions. The agents may act inde-
pendently of one another, or jointly as in some cooperative
agent systems [27, 9]; they may cooperate or act competi-
tively. Game dynamics also has a long illustrious history in
economics and mathematics [29]. It has been studied exten-
sively both theoretically and in simulation in a wide range of
domains and has been used to gain insight into the behavior
of markets and resolve such conundrums as the emergence
of cooperation among selfish agents [2]. Interest from other
fields, such as statistical physics [6, 12], has added to the
body of work in game dynamics literature.

In this paper we present a study of the minority games
(MG) as a model for resource allocation/load balancing prob-
lem in a large scale MAS. In a minority game, the payoff each
agent receives depends on its action as well as the number
of other agents that chose the same action. Minority games
are, therefore, a version of congestion games [18]. While MG
have been intensively studied for single choice games [16], its
application to multiple choice games with time-dependent
capacities is novel.

We consider a system of N agents, that have to choose
between (Q available resources. Each resource is character-
ized by its capacity which is allowed to change with time,
i.e., Ly = Lj(t),7 = 1,..Q. The agents in our system form a
social network, and each agent’s decision as to what resource
to choose at time ¢ is based on the actions of its neighbors at
time ¢t — 1. The efficiency of resource allocation is described
by how closely the number of agent choosing a particular
resource matches that resource’s capacity. We are mainly
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L; ~ N. Thus, an efficient system will have lit-
tle under-utilization or over-utilization of the resources. We



stress again that the agents do not have any explicit knowl-
edge of the capacity levels of resources or the number and
actions of other agents, besides the neighbors with whom
it is directly communicating. Any coordination observed in
the system arises from individual adaptations during the re-
peated games. Two important questions we are interested
in are the following:

e Can the system adapt to changes in capacity levels?
e How effective is this adaptation?

Framing the multi-agent learning in the terms of minority
games on networks allows us to fully parameterize the prob-
lem by a small set of numbers. These parameters are the size
of the system N, number of resources (), connectivity of the
network K, and two numbers that describe the complexity
of the agent’s decision: the number of strategies the agent
uses and a strategy bias (described below in more detail).
We show that for some parameters the system is extremely
efficient and adapts quickly to capacity changes. Surpris-
ingly, as the number of neighbors an agent interacts with
increases, the overall behavior of the systems is degraded,
indicating that in this case limited local communication is
preferable over global communication.

The rest of the paper is organized as follows: In Section 2
we introduce Minority Games and discuss previous work in
the field. In Section 3 we describe our past work on minority
games with time dependent capacities, where we introduced
local communication among agents based on random NK
networks. We present the extension of this work to multi-
choice games in Section 4 and results of numeric simulations
in Section 5.

2. EL FAROL BAR PROBLEM AND MINO-
RITY GAMES

Since its introduction in 1994, Arthur’s El Farol Bar prob-
lem [1] has been one of the most widely studied examples of
complex adaptive systems. The model consist of N individ-
uals who have to decide independently whether to attend
the El Farol bar in Santa Fe on a given night. The bar
has a limited capacity, and people try to avoid attending it
when it is overcrowded. There is no explicit communication
between individuals, and the only information available to
them is the time series of past attendance numbers. Since no
deductively rational solution is possible, Arthur suggested
to use inductive reasoning instead: Each agent has a set
of “predictors” (strategies) that predict next week’s atten-
dance given the history of past attendance. Agents keep
track of the performance of their predictors, and reinforce
them according to their reliability. Numerical simulations
of this simple model showed that the system self-organizes
so that attendance fluctuates around the bar capacity.

The Minority Game [6] (MG) was introduced by Challet
and Zhang as a simplified version of the El Farol Bar prob-
lem, the main difference being that instead of the actual
history the agents are provided only with a binary string
indicating whether the bar was overcrowded or not. More
precisely, let us consider N agents with bounded rational-
ity that repeatedly choose between two alternatives labelled
0 and 1 (e.g., staying at home or going to the bar). If at
a given time step the bar was undercrowded (overcrowded)
then the winning choice (signal) is 1 (0). In the original
model, the number of agent is taken to be odd, and the

capacity was fixed to (N — 1)/2, so that the agents who
made the minority decision won (hence the name Minority
Game). In the Generalized Minority Game [12], the wining
group is 1 (0) if the fraction of the agents who chose “1”
is smaller (greater) than the capacity level n, 0 < n < 1.
As in the bar problem, each agent uses a set of S strategies
to decide its next move and reinforces strategies that would
have predicted the winning group. The main advantage of
the MG model is that strategies can be easily parameter-
ized: a strategy is simply a lookup table that prescribes a
binary output for all possible inputs, where the input is a
binary string containing the last m outcomes of the game.
Thus, for each choice of m, there are P = 2™ possible his-
tories (inputs), and Q = 27 strategies. Note that in this
model the agents interact by sharing the same global signal.
Despite its simplicity MG has been demonstrated to have a
very rich and complex dynamics. The most interesting phe-
nomenon of the minority model is the emergence of a coor-
dinated phase, where the standard deviation of attendance,
the volatility, becomes smaller than in the random choice
game, where each agents makes either choice with proba-
bility 1/2.' Coordination is achieved for memory sizes for
which the dimension of the reduced strategy space is com-
parable to the number of agents in the system, 2™ ~ N [7,
22]. It was later pointed out that the dynamics of the game
remains mostly unchanged if one replaces the string with the
actual histories with a random one [4], provided that all the
agents act on the same signal. Analytical studies based on
this simplification has revealed many interesting properties
of the minority model[5, 16].

3. MINORITY GAMES WITH CHANGING
CAPACITY ON NETWORKS

In a previous study [11] we demonstrated that if one intro-
duces time dependent capacities to the MG model defined
in the previous section, the system does not adapt well. We
also showed that one can achieve adaptation if instead of the
interaction via a global signal agents are allowed to interact
locally. Below we illustrate our model and recapitulate main
results.

Our model consist of a large number of simple autonomous
agents that form a social network. Instead of interacting via
a global signal of histories, the agents interact locally: each
agent gets an input from K neighbors (that are randomly
chosen) and maps the input to a new state that prescribes
the decision (e.g., attend the bar or not):

si(t + 1) = F/ (sr, (8), 582 (£), 0y 1 (1) (1)
where s, (t), 7 =1,..., K are the choices made by its neigh-
bors during the previous time step, and F},j =1,...,5 are

randomly chosen boolean functions (called strategies here-
after) used by the i-th agent. Both neighbors and strategies
are chosen randomly and quenched throughout the game.
If § = 1 such a network is the well known NK or Kauff-
man network [14]. As in the traditional MG, the agent
keeps a score for each strategy F7 that monitors the per-
formance of that strategy, adding (subtracting) a point if
the strategy predicted the winning (loosing) choice. We let

'In the random choice game the average number of agents

choosing “1” is (N—1)/2 with standard deviation o = v/N /2
in the limit of large N.



the “attendance” A(t) bg the cumulative output of the sys-
tem at time ¢, A(t) = 1].\7:1 $i(t). Then the winning choice
is “1”7 if A(t) < Nn(t), and “0” otherwise. Those in the win-
ning group are awarded a point while the others loose one.
Agents play the strategies that have predicted the winning
side most often, with ties are broken randomly.

As a measure of efficiency we introduce 6(t) = A(t) —
Nn(t), that describes the deviation from the most optimal
resource utilization. We are primarily interested in the cu-
mulative “waste” over a certain time window:

1 t3Zo
=7
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5(t)” (2)
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We can compare the performance of our system to a de-
fault random choice game, defined as follows: assume that
the agents can query the capacity 7(t) at a given time step,
and they choose to go to the bar with probability propor-
tional to n(t). In this case the main attendance is close to
n(t)N at each time step, and the fluctuations around the
mean are given by the standard deviation
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Figure 1: A segment of the attendance time series
for K =2, n(t) = 0.5+ 0.12sin(2nt/T), T = 1000.

The results of our extensive numerical simulation indicate
that the networks with K = 2 achieve very effective utiliza-
tion of resources, even when the changes in the capacity
level are relatively large. In Fig. 1 we plot the time series
of the attendance for a sinusoidal change in capacity. One
can see that the system follows the changes in capacity level
very effectively. The inset of Fig. 1 shows the time series
of the deviation §(t) for K = 2. Initially there are strong
fluctuations, hence poor utilization of the resource, but af-
ter some transient time the system as a whole adapts and
the strength of fluctuations decreases. In fact, the standard
deviation of the fluctuations is considerably smaller than in
the random choice game as defined by Eq. (3).

In Fig. 2 we plot the variance per agent versus network
connectivity K, for system sizes N = 100,500, 1000. For
each K we performed 32 runs and averaged results. Our
simulations suggest that the details of this dependence are
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Figure 2: 02/N vs the network connectivity for dif-
ferent system sizes

not very sensitive to the particular form of the perturbation
1M (t), and the general picture is the same for a wide range
of functions, provided that they are smooth enough. The
variance attains its minimum for K = 2 independent of the
number of agents in the system. Note that this is different
from the traditional minority game, where the position of
the minimum scales logarithmically with N. For bigger K
it saturates at a value that depends on the amplitude of the
perturbation and on the number of agents in the system.
We found that for large K the time series of the attendance
closely resembles the time series in the absence of perturba-
tion. This implies that for large K the agents do not ”feel”
the change in the capacity level. Consequently, the standard
deviation increases linearly with the number of agents in the
system, 0 o N. For K = 2, on the other hand, the scaling
has the form o o N7, where v < 1. Our results indicate
that the value of the scaling exponent +y is not universal, and
depends on the perturbation 7.

4. MULTI-CHOICE GAMES

In the previous section we considered a situation where
agents face a binary decision whether to use a resource or
not (an alternative interpretation is that agents are choos-
ing between two resources the capacities of which sum up to
N). In most of the practical situations, however, the number
of choices might be greater. In this section we extend our
model to account for the multi-resource scenario. Namely,
agents have to choose one of @) available resources, charac-
terized by their capacities L;(t),7 = 1,..Q. To study this
scenario in the context of previous sections we use multi—
state Kauffman networks [26] to model inter—agent interac-
tions. The state of agents are given by s; = {0,1,...Q — 1},
i = 1,...,N; therefore, state corresponds to the choice an
agent makes. The dynamics is specified analogously to the
binary game, i.e., each agent receives its inputs from K other
agents and maps it to one of the ) available states.

Si(t + 1) = Ag(skl (t)v Ska (t)v oy Sk (t)) (4)

As before, each agent have S functions (strategies), and
keep a virtual score for each of its strategies and plays the
strategy with the highest number of accumulated points.



Skl (t) Skz (t) Si(t—l—l)
0 0 0
0 1 2
0 2 1
1 0 1
1 1 0
1 2 0
2 0 2
2 1 0
2 2 2

Figure 3: Example of a strategy for K = 2

Let A;(t) be the number of agents who chose ith resource at
time ¢. Then these agents will be rewarded if A;(t) < L;(t)
and punished otherwise. At the start of the games, every
agent randomly chooses K neighbors and a set of S strate-
gies, which are fixed throughout the game. As in the binary
game, the strategies can be represented as lookup tables,
that for each of the Q" possible inputs assign an output (ac-
tion) from the set {0,1,..Q —1} (see Fig. 3). Strategy bias P
is the parameter that determines the relative homogeneity of
the output column of the strategy table. The entries in the
output column are chosen as follows: first, with probability
1/Q one of the resources is chosen, let us say Q. Then,
in the output column we choose i) Q) with probability P
ii) Qs, @ # k with probability (1 — P)/(Q — 1). Thus, for a
binary choice game (Q = 2), for P = 0.5 there are (in av-
erage) equal numbers of ’0’s and ’1’s in the output column;
while for P = 1.0, the entries are all ’0’s or ’1’s, whichever
symbol has been picked randomly.

As before, the baseline solution we compare against is
the random choice game where agents choose a particular
resource with probability 7;(t) = L;(t)/N. If the capacities
are constant, then the standard deviation of each A; that
characterize the waste of resource is o) = Nn;(1 — ;) (the
upper index 0 stays for the random choice game). In the
case of changing capacities, one has to take an integral over
the time window for which waste is calculated as in Eq. 3.
In the results presented in the next section we will primarily
consider the waste averaged over the resources, i.e.,

P <
ol = % o2 (5)

=1

5. RESULTS

We performed extensive numerical simulations for the sys-
tem described above, with the number of agents ranging
from 100 to 5000, and number of choices Q = 3 up to Q = 10.
The number of possible inputs for a fixed K and Q is Q¥,

and the number of possible strategies is QQK. Hence, we
had to restrict ourselves to small values of K. It is known,
on the other hand, that the dynamical properties of multi-
state Kauffman networks with given connectivity K can be
regulated by tuning the function (strategy) bias P [26]. So
instead of studying the properties of the system for various
K, we set K =2 and vary P instead. This approach is com-
putationally very efficient and scalable with respect to the
number of resources ) and allows us to study system sizes
up to N = 5000.

First, we examine the resource allocation problem with
fixed capacities. The time series of the resource usage for
@ = 3 choices, and capacities 7o = 0.5, 71 = 0.3, 72 = 0.2 is

shown in Fig. 4(a). After a short transient time, the number
of agents A;(t) using the resource ¢ start to fluctuate around
the fixed capacity level. The strength of these fluctuations
determines the global waste. In Fig. 4(b) we show the depen-
dence of waste (averaged over the resources and normalized
to a?ot) on the strategy bias. The horizontal line shows the
value of o¢ for the random choice game. Remarkably, for
some values of P the efficiency of resource allocation is an
order of magnitude better than in the random choice game.
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Figure 4: a) Time series for the resource usage for
@ = 3 resources with capacities o = 0.5, m = 0.3,
n2 = 0.2. The simulation parameters are N = 1000,
S =2, K =2, and P = 0.6. b)Normalized variance
versus the strategy bias P

Now we turn to the case of time-varying capacities. In
Fig. 5 we show a typical segment of a time series of resource
usage for @ = 3 and periodic perturbation of form 7;(t) =
1/3 + dnssin(2wt/T), i = 0,1,2, and with amplitudes dno =
1/6, 0m = én2 = —1/12. We plot the time series for only
two choices since the third one is fully determined by the
first two. It can be seen from the figure that agents follow
the changes in the capacity levels very effectively, even when
the capacities change by as much as 50%.

In Fig. 6 we plot standard deviation vs the strategy bias
P for Q = 3,5,10 and number of strategies S = 2,3,5.
Again, an average over the choices has been taken. For each
set of parameters we did eight trials, and averaged the re-
sults. The duration of simulations is T = 10* steps, and



we used the data for the last 20% of the time series to cal-
culate the waste. For each @), the capacities are given by
n:(t) = no + oni sin(2xt/T), i = 1,..Q, where ng = 1/Q and
the amplitudes of the oscillations é7n; ¢ = 1,..QQ were cho-
sen as high as 60% of 7. Again, we have normalized the
cumulative waste by its value for the random choice game
(horizontal line). One can see that for the certain range of
the bias the efficiency of the system is better than in the
random choice game, and there is a well pronounced mini-
mum in o4ot. For Q = 3, the parameter range for which the
system is the most efficient (by an order of magnitude when
compared to the random choice game) is P ~ 0.65 + 0.75.
For @ = 5 and @ = 10, this region shifts to the higher values
of P and gets wider at the same time. Another interesting
observation is that for all three cases, the minimum is the
deepest for S = 2, i.e., two strategies per agent. One of the
factors contributing to this is that it takes longer time for
the system to achieve the coordinated phase as one increases
S, and since we have used the same duration of simulation
for each S, this would result in a slightly greater value of
otot. However, we have verified that even if the simulation
are carried out for long enough times, the system with S = 2
performs slightly better. Although we do not have a sound
explanation for this yet, we believe that this might be due
to the fact that large number of strategies allows an agent to
switch between resource much more frequently, hence con-
tributing more to the fluctuations.

Finally, we also studied how the standard deviation scales
with the number of agents in the system. As in the bi-
nary game, we found that there is a scaling of the form
o o« N7, which is however not universal and depends on
the amplitude of the perturbation, as well as the number of
choices and strategies in play. Still, our results indicate that
the standard deviation per agent grows sub-linearly with IV,
which is a result of coordination.

6. RELATED WORK

Because of the many parallels between the behavior of
markets and resource allocation (and the related problem of
task allocation) in multi-agent systems, this task was seen
as an ideal candidate for a market-based solution. In fact,
since Reid Smith proposed his Contract Net Protocol [25],
economically-inspired mechanisms for coordination in multi-
agent systems have been widely studied and applied to a
number of agent-related problem domains [32]. Such mecha-
nisms are attractive because they are inherently distributed,
flexible, and in many cases quite scalable. Moreover, they
are backed by a rich body of economic theory, so that rigor-
ous results exists for many problems. Of the economically-
based control schemes, the one that has received by far the
most attention in the multi-agent community was auctions.
Algorithms for holding and deciding auctions have been pro-
posed and analyzed [21, 19], both from the perspective of
resource allocation [3, 20] and task allocation [30], and ap-
plied to task domains such as allocating operating system
resources [15], providing library services [17], scheduling jobs
on networks of workstations [8], and maintaining optimal
office climate [33]. The most substantial difference between
auctions and our game dynamics approach is that auction
require a central authority, an auctioneer, to determine win-
ners. In our scheme, the payoff an agent receives is local,
based on the load on the chosen resource only. Another dif-
ference is where the intelligence resides. In auction schemes,
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Figure 5: a) Time series for the resource usage
for Q = 3 resources with time dependent capacities
ni(t) = 1/3 4+ dmisin(2wt/T), i = 0, 1,2, and with ampli-
tudes dno = 1/6, o1 = dnz = —1/12. The simulation is
done for N =1000, S =2, K =2, and P = 0.68.
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Figure 6: Normalized variance versus the strategy
bias P for @ = 3,5,10, and N = 1000

the agents must decide how to bid taking many factors into
account. In games, it is the payoff mechanism that contains
the brains of the system.

Reinforcement learning through game dynamics in MAS
has attracted much attention recently. In particular, learn-
ing to coordinate has been widely studied [24, 9, 13]. These
approaches are generally based on the Q-learning frame-
work, and the main object of research is to demonstrate
convergence to an optimal or equilibrium solution. Con-
vergence is no longer an issue in a dynamic setting where
the functions the agents are trying to learn is changing over
time [28].

Shaerf et al. [23] studied the problem of adaptive load bal-
ancing as an illustration of reinforcement learning in multi-
agent systems. Their statement of the problem is quite sim-
ilar to ours. They studied a system of N agents using M
resources, each having a time dependent capacity C. If it is
idle, an agent may submit a new job of some size to a re-
source. The resource is chosen using the resource selection
rule SR. The resource selection rules are purely local, i.e.,
have access only to the experience of a particular agent, and
are the same for all agents. Schaerf et al.’s approach is sim-
ilar to @-learning [31] in that SRs embed within themselves
an efficiency estimator that keeps track of how the resources
perform over time, and a policy for selecting a resource based
on this efficiency estimator. Schaerf et al.studied a relatively
small system of 100 agents numerically for different parame-
ter regimes and observed generally good adaptive behavior.
They found that introducing communication so that agents
can share information about performance of resources was
detrimental to system performance. Although their work is
similar to ours, it differs in important aspects. Our learning
algorithm is not probabilistic, and therefore, does not allow
for exploration in the reinforcement learning sense of the
word. Rather, our system is constantly exploiting the best
performing strategies. The second major difference is that
the agents in our system are intrinsically heterogeneous, in a
sense that each agent has different set of strategies. We also
study a much larger system. Our metrics are also different.
We find that the system is adaptive (able to track resource
capacity changes, on average) for a wide range of param-
eters, it is efficient, meaning that fluctuations in resource
utilization are small, only for a small range of parameter val-
ues. Another difference between our work and theirs is that
we parameterize the degree of information sharing between
agents, and find that for some values local communication
improves system performance. We attribute disagreement
between our findings to the different forms of the learning
rules in our system and theirs.

7. DISCUSSION

We have presented a reinforcement learning model for
adaptive resource allocation in a multi-agent system. Our
model is applicable to large systems where agents have a
choice of several resources with time-dependent capacities.
The learning scheme is based on minority games on net-
works. Each agent uses a set of strategies to decide what
resource to choose. The input to the strategy (a lookup
table) is a string containing the actions of the agent’s neigh-
bors during the previous time step. However, there is no
information in the string about what the winning choices
were. A strategy is rewarded if it led an agent to choose a
resource whose utilization is at most equal to its capacity at



that time; otherwise, the strategy is punished. The agents
learn over time the best performing strategies and use them
to select what resource to use.

The problem is parameterized by the number of agents,
number of resources, the degree of communication in the
system (specified by network connectivity), and the number
and uniformity of strategies. We studied the system numer-
ically for a wide range of parameters and system sizes, and
found that some parameters lead to a very adaptive and
efficient system.

There is a number of interesting questions left unanswered
by our work. It would be interesting, for example, to intro-
duce @Q-learning to check whether allowing exploration in
addition to exploitation will lead to a better performance.
Another direction is to use information theoretic measures
to replace the number of strategies and strategy bias with a
single parameter that captures the complexity of an agent.
We have some evidence that systems of less complex agents
perform better, and that over time the agents tend to be-
come simpler, but we have not studied this in detail yet.
Still another interesting question is how information spreads
through the system and how we may characterize it. Finally,
we believe our approach is robust and general, and that it
is worthwhile to apply it to other MAS problem domains
by crafting the payoff function to the characteristics of the
problem.
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