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Abstract. One of the most recent techniques for propagating resource doisstra
in Constraint Based scheduling is Energy Constraint. This techniquedsdn
precedence based scheduling, where precedence relations arintakaccount
rather than the absolute position of activities. Although, this particular teahniq
proved to be efficient on discrete unary resources, it provides oagelbounds
for jobs using discrete multi-capacity resources. In this paper we sbanniu-
tual exclusion reasoning can be used to propagate time bounds fdtiestising
discrete resources. We show that our technique based on criticalnzayisia and
mutex reasoning is just as effective on unary resources, and ala ghat it is
more effective on multi-capacity resources, through both examptésmapirical
study.

1 Introduction

Scheduling problems are fundamentally concerned withriteeaction of temporal con-
straints and resource constraints. Tasks that requireathe sesources lead to a choice
of precedence, but some choices may be impossible due tdoiuduée and relative
constraints on the timing of activities. A number of techréq have been developed
to propagate resource and temporal constraints. Labdrigr¢tides a good survey of
these results, including Timetabling [2], Edge Finding4B,and Energetic Reasoning
[8]. Based on the survey, Laborie developed a techniqued#tie Energy Precedence
Constraint EC). This constraint works on resources that are used theasedi(called
discrete resources by Laborie). The idea is to estimatdriterequired to execute all
activities on a single resource by computing the “enerdydt is the sum of the dura-
tion of the activities times the amount of the resource tlegpire, then computing the
minimum duration by dividing the energy by the amount of theaurce available.

The ECis simple to compute, but results in loose computationahbsun cases
where the total capacity of a resource is exceeded by them@sgonsumption of the
activities. We observe that a simple analysis of the a@itan lead to the discovery
of mutual exclusions among group of activities. This camitéa improved bounds on
such problems with small cost.

The rest of the paper is organized as follows. Section 2diutres the preliminaries
of our work, and a short description of the energy bolbropagated by the energy
constraint procedure. Section 3 will describe the idea otoustraint propagation tech-
nique calledCPMB (critical path plus mutex bounds), and one extension fottiglel
machine multiple capacity problems, call&MB (group mutex bounds). Then, Sec-
tion 4 presents an example and the possible best and woesscasarios for the prop-
agation techniques described in this paper. Section 5ntitbduce some aspects of our
implementation which affect the way resource constraiatpgppagated. Section 6 will



provide empirical evaluation of our techniques, showirgt @PMB propagates more
constraints thaEB in presence of mutex information, reducing the executioretand
number of nodes generated during search. Finally, Sectimmesents the conclusions
and some ideas for future work.

2 Preliminaries

We consider a set of activitie$. Each activity uses one of a set of resourBg8Ve can
consider activities using multiple resources without lofsgenerality). Each activity has
an earliest start and a latest end time, a fixed duration axe@fesource requirement.
Each resource has a maximum capacity. All activities @itfze resource from the time
it begins until the time it terminates (i.e. all resourcesdiscrete in the sense defined by
Laborie [1]). There may be precedence constraints betwetaritis; if activity + must
precede activity, then the end of activitymust occur before the beginning of activijty
(i.e. RCPSP). Our task is to search fdseheduleby which we mean an order in which
the activities execute that does not violate any of the nesotapacity constraints or the
precedence constraints. Two activities have a resourcacitgronstraint if they over
consume the total capacity of their resource. Also, thelsagrecedence constraint if
they can not be executed simultaneously, in other wordsefamtivity is forced to be
before or after the other. In the case of multi-capacity [@ols, activities can overlap,
as long as the resource capacity constraints are not viblatealgorithm to propagate
resource constraints on discrete resources is descriljédl ifihis procedure is called
the Energy Precedence ConstraiaC|. So, given an activity: the energy boun&B
on the lower bound of the start time @fis calculated as follows:

Lp(x)>min(MinStart(A;) + X(q(A4;) * d(4;))/Q (1)

Where, eachd; corresponds to every activity that is constrained to exebefore
x. ¢ andd are the resource consumption and duration for each actestyectively, and
MinStart refers to the minimum possible start time for the activitg(éower bound).
Although this algorithm is very simple to compute, it mayuksn loose constraint
bounds. As an example, consider two taskand B that precede some timepoint
Letd(A) = 5,d(B) = 10,q(A) = 3,¢(B) = 2. Assume bot and B use the same
resource, and assume that the capacity of that resoudceNisw, the EC tells us that
Lp(x) > 2341022 — 8 75 But it is easy to see that these tasks can't overlap because
of the resource bound, and £g;(x) > 15. We will show that a simple analysis of the
activities will provide mutual exclusion information the&n improveL z(x) in cases
like these with a very small cost. Mutual exclusion inforioathas been widely used in
planning to cut down the search or improve heuristics [9].v@ will show that such
information is also useful in the scheduling context.

3 Critical Path Analysis and Mutex Reasoning

We have seen already that the Energy BougH) (from the Energy Precedence Con-
straintEC described in Section 2 has some limitations. Specificalbgm provide loose
computational bounds on the start and end time points of ¢tieitees when the total
resource capacity is exceeded by their resource consumtighis section, we will
describe a technique to do constraint propagation baseditizakcpath analysis and
mutex reasoning. We will call this bour@ritical Path Mutex Bound (CPMB) .

The precedence graph contains all of the current activitiashave a precedence
constraint between each other at any given time point. Eadh im the graph represents



an activity from the original scheduling problem, and easpeerepresents a precedence
constraint between the activities. Obviously, finding lttvegest pathn this precedence
graph (in terms of the total time of such path) from the begigrof the schedule to a
given activityz leads to theritical path for such given task. The sum of the durations
of the activities in the critical path will indicate the logtebound on the starting time
point of z. In other words,z can not start before the bound indicated by its critical
path in the precedence graph. It should be noted that prtipag# Simple Temporal
Networks as described in Dechter Meiri and Pearl [7] acc@hps this. Critical Path
Analysis can be used also in the scheduling framework to fawd Ibounds for tasks.
These new bounds can help the scheduler to prune searchhbgatiwat lead to the
violation of temporal constraints, or guide the search bylgiming them with some
heuristics.

Our framework will not only have arecedence graphut also amutual exclusion
graph The precedence graph contains the activities as nodesarmdcedence rela-
tions between them as edges. The mutual exclusion graphineralso activities, and
mutex relations, which are not only obtained from the preoeé information but also
from the resource consumption of the activities (two atiigiare mutexes also if they
consume more than the total capacity of their resourceheravords, the edges in the
mutual exclusion graph represent all possible mutex malatin our scenario, which
include mutexes by precedence and by resource consumpiarg this graph we can
find any clique of mutex activities, and use it to augment $gible the critical path.
Observe that a part of this graph is static, since the resagusumption of the activi-
ties will not change over time. Given this, a subset of thelyria computed just once
before the search procedure starts, and it is used duringgtireh process to augment
the critical path for any task to get improved bound<li§uein these graphs is a set of
vertices in which each vertex has one edge to every othewafle can observe easily
that any path in the precedence graph is a clique, since etigityaon the path has a
precedence constraint to every other activity in such a. pilthcan say then that these
activities are mutexes with each other given the precedemtgtraints. We can retrieve
these paths directly from the mutual exclusion graph. Tleeguence relations form
the basis for the mutual exclusion relations in precedenostcaint based scheduling.
However, we still can augment such cliques by looking at #s®urce consumption of
the activities inside the mutual exclusion graph of a givesource. So, if we have a path
P that is a critical path for an activity, we can augment the lower bound on the start-
ing point of z by considering a set of activitiés ¢ P beforex, such thatvi € S and
Vj € P the resource consumption b&nd; exceeds the total capacity of the resource.
We can observe that we are augmenting the initial clique éorfnom precedence re-
lations, with activities from the mutual exclusion graplatttare mutexes because of
resource consumption with all the activities in such oidjclique. The same reasoning
follows to compute the upper bound of any activity. The riésglbound is what we call
Critical Path Mutex Bound (CPMB) .

To reduce the complexity of finding a critical path we only sioier activities in-
volving the same resource. This is reasonable in problemich each task uses only
one resource, as in our scenario. Under this circumstarecaumber of precedence
relations in the graph is small, and the critical path corapaih remains feasible. The
mutex cliques with respect to resource consumption areliafsted because they are
computed before hand only once, and used during the seasattgtoent critical paths.

One final observation between tB8 andCPMBbounds is that in problems involv-
ing unary-capacity resources like unary JSPs, both of thed®have the same effect
in propagating constraints. Given that in unary-JSP thed t@pacity of a resource is 1
and the total consumption of each activity is also 1, theridhaula in [1] will be equal
to computing the total durations of the tasks in the currehbsing evaluated, which in
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Fig. 1. Group Mutex Bound Example

consequence is equal to the critical path contained in #tafse resulting bound with
EB will be the same than to the value obtained by the criticdt pasuch a set. We will
show some results that support our claim in Section 6. Quivatiin is to show that
this condition does not hold when we move into multi-capagioblems, where mutex
and precedence information can really help us to propag#terlzonstraints.

One of the main limitations of the Energy BouRdB is that it will only work for a
set of tasksS using the same resource. So, our main motivation is to findpawation
procedure that works not only under this circumstance lsatwith tasks having mutex
relations with each other and not necessary using the sgraefyesource. Given this,
we can analyze bigger sets of tasks using the precedentiemslar cliques, which can
lead us to better bounds. Although the size of theSset important, it is even more
important to identify the interactions between the taskbéset. This issue is captured
by the mutual exclusion information. So, if we can identifytex or precedence re-
lations between tasks using multiple resources and tines lithen the bounds will be
improved for propagation, as in the case of the CPMB destrilsfore. The energy
bound will not benefit from this fact. We can see a very simpiangple of this sce-
nario on Figure 1. In the figure, lines represent precedegletions and dashed lines
represent mutex relations. Suppose thand.S are activities using one resource, and
B andT are tasks using another resource. We can observedthaid S are mutexes
because of their resource consumption, as welBand 7", but EB can not find this
information since it relies in the precedence relationsalowate its bounds and there
are not such relations between these activities. Moredtiverprecedence relations in
this example are defined between activities in multiple weses. Specifically, there is
a precedence relation betwedrand B, andB andT', but these activities are using dif-
ferent resources and in consequeB&zcan not calculate any bounds. Mutex reasoning
then can be very important to improve our constraint propagaSince we may have
multiple groups of activities interacting between mukipesources as in our last ex-
ample. We need a definition that captures this informatiomhich we are looking for
any bounds based on multiple groups.

Definition 1 (Group Mutex) Two sets of activitied and B are mutex with each other
if Vi € AandVj € B, i andj are mutex. Given this, we say that a group of sets of
activitiesG is aGroup Mutex iff every setS, in the group is mutex with all other sets.

We can see that computing such bound may be very expensiveeudg we can
compute cheaper forms 6fM B. Specifically, we can find a small group mut@xand



consider the bounds of such a group on different ways. We lsancampute approxi-
mations of the longest path in those groups to avoid blowmghe search. Although,
this particular constraint propagation technique has aenlfully implemented, we will
show its effectiveness with an example in the next section.

4 Methodology for Computing the Different Bounds

We will show in this section the different ways to compute ihdsi for propagation.
We will illustrate with an example such computation, and wi# argue the different
methods used in our framework to integrate the algorithmprfopagating the resource
constraints.

4.1 Developed Example
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Fig. 2. Propagation of Constraint Bounds

We will show with an example the different bound values aidiby the techniques
described in the last section. In Figure 2 there are 7 taskihnare constrained to
occur before a particular task. Six tasks are competing for the same resoukce
In particular,4; ... Ag consume different amounts of such resource. Tasks comdgpo
nodes in the graph. The numbers above the nodes indicatatikoms of the activities.
We assume that each task releases the same amount of regsedcat the end of its
execution. Total quantity of the resourBdor this example is 3. Precedence constraints
are represented by arrows in the graph, and mutex consteaimtepresented by dashed
lines. Notice that any precedence relation implies a mwkation, but not viceversa. A
mutex relation can be based on the resource consumption attlvities, if they exceed
the capacity of the resource then they are obviously mutéx&éch other. In Figure 2,
Ay and Az are mutexes by resource consumption. However, the mutestredmts can
also be caused by another reason due to a different resdnrcer example, we have
A7 mutex with As, A5, and Ag, since A, uses another resource that interacts with the
first resource [6]. From the discussion in the last secti@¢can compute the following
bounds:

Energy Bound (EB)= ((1*10) + (3*30) + (2*20) + (1*10) + (2*20) + (2*20)) / 3=
230/3 =76.66

Critical Path Mutex Bound(CPMB) : If we consider theriticalpath of the graph
in Figure 2, then the longest precedence path wildgeA,, A5, with a bound ofCrit-
ical Path = 20+10+20=50. But, now we can do mutex analysis to improesnewore



this initial bound given by the critical path. From the mute=clusion graph, we can
see thatd, is mutex with every activity on the critical path because exaurce con-
sumption. Then, the final estimate {6PMBis 80.

If we would like to estimate the bound given BMB, there are multiple partitions
of the activities in this example. Let's consider two of theBuppose there are two
groups,S; andSs. Let Sy = A,, and S, = Ay, A3, Ay, A5, Ag. The best bound fof,
is given by a clique of length 6043, A5, Ag). So, theGMB = 30 + 60 = 90. We can
observe thaGMB can be very useful in problems involving multiple resourdésw-
ever, finding good partitions of a set of activities in mukg groups remains an open
question. Such partitions can be based on paths and can beategl with additional
mutex activities.

We have presented in this section an example which cleadigates the bene-
fits of using mutex information for propagating constraibtainds on multi-capacity
scheduling problems. We have seen GBMB can provide a better estimate thBB
in problems where there are many activities being mutexesohye reason other than
a precedence relation (i.e. resource consumption).

4.2 Possible Search Scenarios

It is important to identify what kind of scenarios can arisgidg the search, such that
each propagation technique can benefit from it. This is tisé $tep in understanding
which type of bound reasoning would be more adequate giverdhrent snapshot of
the search. Most of the discussion is based on the EnergycdB&B) and critical path
plus mutex boundéCPMB).

Scenario 1 When we have more precedence constraints forming longairitiaths,
CPMB will provide better bounds thaBB

Fig. 3. Critical Path Analysis Scenario

Figure 3 shows an example of such a situation. In this exanmasksA and B
are constrained to be befof€ in the precedence graph. consumes 2 units of the
resource and 1 unit. The resource has a maximum capacity of 4. Furtherntee
duration of each of the activities is 20. The Energy Constnaill find a bound ofEB=
((20*2)+(20*1))/4 = 15. This bound is even smaller than theation of any of the tasks,
which is 20. Instead, the critical path analySBMBwill return the bound value of 40,
since there is a precedence constraint betwé&emd B forming these two actions the
critical path toX.

Scenario 2 When critical paths are short, it is more likely that we mayéa set of
tasks consuming the same resource, which can possiblyapv@therefore, the Energy
Constraint procedure may give a better bound.



Fig. 4. Energy Constraint Procedure Scenario

We can observe one example of this scenario in Figure 4. snetkeample all five
tasks have a duration of 20, and each one consumes 2 unite oésburce except-
ing A, which consumes 3 units. The capacity of the resource is 4 dke previ-
ous example. In this example, the Energy Constraint will findoundEB=(20*2*4
+ 20*3)/4=50. At the same time the critical path analysishelwvill find a bound of
20, since there are no precedence relations between thwiastall of the paths in
the graph are very shoil®@PMBwill give a bound of 40, sincel is mutex with every-
body else. We can observe then tii is better for this particular example. How-
ever, notice that if we do group mutex reasoning, the bourtdilokd will be bet-
ter than theEB. Given thatA is mutex with everybody else because of its resource
consumption, therd forms a group and the rest of the activities one more. Then,
GMB=Bound A)+Bound B, C, D, E)=20+(20*2*4)/4=60.

Under these scenarios one technique can work better thasiltbeone. The com-
plexity of critical path analysis is compensated by the eacyiof the procedure when
mutex information is given. This combination of factorsoals CPMBto remain com-
petitive with respect t&B in the scenarios such as that shown in Figure 4, and to out-
performEB in the other ones. We will present some empirical resultshamintuition
on Section 6 by running both techniques in unary-capacity raalti-capacity single
resource scheduling problems.

5 Experimental Framework

We have discussed in general form the application of diffecenstraint propagation
techniques. In this section, we discuss some details of ghécability of such tech-

niques into our framework, and how the framework may affleettomputing procedure
or usefulness of the different bound analysis. The chatiatits of our implementation
related to resources are:

1. The temporal relations between time points are managea ®ynple Temporal
Network (STN).

2. Whenever the ordering between two tasks is established;ahstraint manager
will automatically enforce consistency in the temporaiverk. When a precedence
variable between two tasks is set, the STN will do propagadiod enforce new
lower/upper bounds on the start/end time points of any ireatasks.

3. We employ a resource manager that assumes that resoteatiscete.

4. On top of these structures, we have implemented a simplktraaking algorithm
that performs variable and value ordering using heuristibe search is conducted
over the relative order of pairs of tasks that use the sanwres; in the case of
multicapacity resources, we include an explicit “overlapbice as well. We use
the B-Slack heuristics of [5] for both variable and valueeyidg.



5. The “overlap” choice is preferred during the search byhigristics. So, if any two
tasks have the opportunity of “overlap” because they do rRoeed the resource
capacity of the resource, then the heuristics choose thierofirst, otherwise it
computes the B-Slack as described in [5] and picks the best.

The idea behind B-Slack is that we want to choose the variafite the overall
minimum temporal slack in its sequencing decision. And a&#hat provides the max-
imum slack for the variable. A complete description of thefstic is found in [5].
Although this heuristic was designed for problems invadvéingle capacity resources,
it still helps in our context. Following these specificapthere are some important
questions that need to be answered with respect to our dédigrfirst one is how to
obtain the set of tasks before/after a given task. We havehewes in our implemen-
tation. We can either rely on the values of the decision téemor compute every time
the temporal relations from the temporal network.

Another question is when should we call any of the propagatizhniques dis-
cussed in this article (e.&B, CPMB, etc). The most natural way is to call them when-
ever we assign a value to a precedence variable (e.g. befafeepa given task), such
that new lower and upper bounds can be propagated on theagthend time points
of the tasks involved in the decision. Another approach otasider running any con-
straint propagation technique before assigning any valttestcurrent variable. In other
words, if we have aX variable with domairbefore,afteythen we consider one assign-
ment to the variable (e.g. before), and run the constraimpaoyation technique. And,
we do the same with the rest of the values of the variable.rAlfie constraint propa-
gation procedure is done, we compute the slacks of the Var&gain and choose the
best value for the decision. The intuition is that by runnting constraint propagation
procedure first the different slack values of the variablg oteange, and the heuristics
will be able to capture such information. However, we careobsthat such a technique
is more computationally expensive since it propagates| wadlies of a given variable.
An empirical evaluation of these two techniques will be preésd in Section 6.

6 Empirical Evaluation

All the experiments have been run onS& NW, Ultra — 80 workstation running
Solaris with 1GB of RAM. The tables reflect the solution of the problems rugnin
B-Slack based heuristics without any constraint propaga(i3.s), with Energy Con-
straint (BS + E'B), and with Critical Path Mutex Bound#S + CPM B). In order to
show the effect of computing the propagation techniqueflierdint ways as explained
in the last section, we include a set of experiments runnisgEB and calculating the
heuristic next EBF + BS). Observe that we did not includePMB in such analy-
sis because the result of its propagation procedure is the fzan the one fror&B in
unary JSPs. All of the problems have been randomly genedateihgle machine unary
problems, a number of resources and jobs are given to theajeneas well as the range
for the durations of the activities. The generator thenteseeandomly all of the tasks
for each job, and their durations. In case of multi-capapityblems, a total capacity
is given for each resource, and the generator creates itiadth the information ex-
plained above, the resource consumptions for each taskeiprttblem. The problems
were solved different number of times considering difféfeorizon values. Once the
data is collected, the horizon that seems close to the opignchosen to run the final
tests in all propagation techniques. The reason for thieguhore is that we do not want
a very loose horizon becaus® andCPMBwould not propagate any constraints.
Table 1 shows the execution time and number of nodes gedebgt¢he differ-
ent techniques. All the running times are in seconds. Thblenos are single machine



[Prob BS | BS+EB [BS+CPMB EBF+BS]
T1| 43.89/289 | 3.03/90] 3.59/90 | 4.37/90
T2 | 48.46/284 |14.88/13115.56/131]16.29/13]
T3 [706.71/3318 8.11/105] 8.80/105 | 9.55/105
T4| 74.86/411 | 4.71/93| 5.14/93 | 6.07/93
T5 | 21.69/176 | 7.24/109] 7.92/109 | 8.54/109
P11948.86/213149.34/21954.09/219/48.35/208
P2 [28838/5944710.16/147 11.55/147/13.99/14
P31623.54/148236.60/227 39.10/227/41.48/227
P4 |4834.49/9132.28/168 23.95/168/26.42/168
P5[649.12/1636 7.91/147] 9.77/147|11.87/14]
Table 1.Single Machine Unary Capacity Random Generated Problems

unary capacity, where each activity uses one resource amluoges one unit of that
resource. The size of the problems are 6x6 (T set) and 7x7t{P/ée can observe on
this table thaEB andCPMB will perform almost equally. In this set of problems there
is not additional mutex information that can hé}®MB. As introduced in Section 3,
each activity consumes the total capacity of the resousxguse it is a unary problem,
and by consequence the bound obtainedEBywill be the same than the length of the
critical path. Since there is no additional mutex inforraatfor CPMB, this technique
will return the length of the critical path, and by conseqresiB andCPMBwill prop-
agate the same amount of constraints during the searchgstotieis has been already
verified, but it has not been included in the table for spanitditions. We can observe
that there is a minor difference in the execution time of heithniques, given that
CPMBis more expensive to compute, but sGIPMB has an acceptable performance.
The last column of Table 1 shows the results by doing comdtpmbpagation first and
then using the heuristics to select the next best possithile ¥ar a variable. We can
observe that the effect of doing the propagation procedtsedoes not seem to affect
the heuristics.

Table 2 shows the execution time and number of nodes in singlghine multi-
capacity problems. We have two sets of problems, thé& £6x5) and the seP (6X6).
These sets of problems includes additional mutex inforongor CPMB, because there
are mutex constraints given not only by precedence rektiont also by the resource
consumptions between the activities. Recall from SectittaBCPMBuses such mutex
information to augment its critical path and get improveditds. We can observe that
the mutex information is in fact very useful, since it helpseduce the number of nodes
and increase the efficiency of the search process. Anotlsamragdition that we found is
that the bigger the scheduling problem the more we can finditées being mutexes
by resource consumption. However, finding paths becomes difficult too. By doing
this simple mutex analysis, we have shown tB&MB in fact can result in improved
bounds for the problems with little cost. We can observe tilabEB seems to confuse
the heuristics in these kinds of problems. In fact, seagchging only heuristics is better
than usingEB in some of the problems from Table 2. FBPMB this is not the case,
because the combination of the heuristics @RMB did not lead to bad performance.

7 Conclusions and Future Work

We have described a technique to propagate resource datsstrsing mutex reasoning
in precedence based scheduling. Such technique c2R&dB (critical path plus mutex
bounds) takes into account a precedence graph, and conpatestical path for any
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BS

BS+EB |

BS+CPMB_|

325.3571967

336.75/1970

237.8571390

24.40/198

26.11/198

6.85/86

443.05/2775

371.3212227

305.74 71835

324.3472154

292.76 /1785

274.3971653

106.98 7741

89.93/575

56.64 /341

162.91/496

330.927976

121.17 7380

977.44 2568

741.1371916

645.41/1701

102.01/370

105.59/370

69.10/259

6686.13 /2035

W793.10/2035

6119.71 /1756

©

187.66 7472

196.61/472

138.227327

Table 2. Single Machine Multiple Capacity Random Generated Problems

given activity to propagate, and augment such a path usingxnformation based on
resource consumption from a mutual exclusion graph. Aljhothis technique seems
very complex, we have decreased the complexity by consiggrioblems in which
each activity uses only one resource. We have compared aistramt propagation
procedure to a state of the art algorithm, the Energy Cans&®. We have shown that
our implementation remains competitive in its worst cagmnacios on single machine
unary capacity problems, and it results in improved boumdsolti-capacity problems
where mutex information is available. Singé8 works only on problems in which tasks
use only one resource, we have proposed a technique basi#eBwhich will allow

to scale up to multiple machine multiple capacity problefftss technique is called
GMB, group mutex bounds. Specifically, we have demonstrateldl saime examples
the effectivenes&MB on these kinds of problems. Complete implementation of this
technique and alternative approximations for the calmiatf critical paths are being
considered as future work.
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