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ABSTRACT

Summary of the results on thresholds in a particular anytime al-
gorithm based on (distributed) iterative repair. Discussion of how
such thresholds are algorithm dependent in contrast to algorithm-
independent phase transitions.

prob(P)

1. INTRODUCTION

Everyone is familiar with the way that the properties of physi-
cal systems can change abruptly as we vary their temperature. The
properties of H20 at <L (ice) is quite different from that a £C
(liquid water), whereas, a°2 change makes little difference at
other temperatures until we reach°@9 Thus as we vary the con-
trol parameter, temperature, the properties exhibit phases: e.g., ice,
water, steam. Inside a phase, the properties of the systems change a
slowly, but there are abrupt changes changes between phases. . ) . i

The abruptness of such changes is due to the large number of igure 1: Typical behavior at a phase transition of some prop-
degrees of freedom within the system—e.g., the large number of €ty “P” such as “satisfiable.” The x-axis is the value of some
water molecules. Systems of small numbers of molecules do notSontrol parameter, t, for example, the clause/variable ratio.
show phase transitions. That is, the statistical properties of very The line marked “prob(P)" is the probability that P is true in
large systems can show effects that are not apparent in small sysSome randomly selected instance at t. The line “cost(P)" is the
tems. We are familiar with this for physical systems, but it can also @verage search cost of determining whether or not P holds true
happen for non-physical systems, and in particular for systems of In @n instance.
interacting constraints. Hence, since such systems are relevant to
optimization problems, to decision and optimization problems.

An example that we often use in the studies is that of a phase
transition in satisfiability problems, and specifically that of Ran-
dom 3SAT, a problem that has been extensively studied. Inthiscase o less-hard.t > t¢ (often inaccurately called “easy” again).

arise during search, are always “on the edge between sat and
unsat” and distinguishing on which side they lie is hard.

the control parameter, t, is the ratio of clauses to variables, and the Here problems are almost always unsatisfiable. Solving them
property, P, that we care about is whether or not the instance has a is much easier than for the critical region, but still (typically)
satisfying assignment. Given an algorithm to determine satisfiabil- significantly harder than for the “easy” region.

ity the typical behavior is shown in Figuie with a phase transition

attc ~ 4.2 The important aspect here is that the peak in the search cost

The important aspect here is that the phase transition associatedeems to apply to many (possibly all) algorithms. It is algorithm
with NP-hard properties, such as satisfiability, typically splits up independent and is associated with a transition in the properties of
the parameter space into 3 regions the instances.

Some of our work has been directed at refining this picture from
e easy.t < tc. Instances are almost always satisfiable, that the point of view of picking out and clarifying aspects that are rel-
is, the chance that they are unsatisfiable is “infinitesial”  evant to ANTS, that is to search that might be distributed, but that
Furthermore, it is relatively easy to find a solution. tends to focus on obtaining fast solutions in the “easy” region.

e hard. ¢t =~ ¢¢ these critical instances have finite probability :Vﬁ]d'st%uss each Of. our contribution in wrn. Fr:ﬁ:[’a Ibqtkshat db
of being sat, and the same for unsat. This region is the harg- WNEINer the easy region IS as easyﬁs one might hope It should be
est to solve, because instances, and the sub-problems tha[Or dls_,tnbute“d algcgnthms. The papes] [attempts to quantlfy_the

meaning of “easy.” Theng], follows up and shows a surprising
0Of course, this all has a precise statement which can be found inchange in scaling behavior that occurs within the easy region, and
the literature away from the phase transition. We will finish this high-level re-

view of CIRL work with a discussion of the import of these results
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2. COMPLEXITY OF DISTRIBUTED LO- Hence, inf]] we studied an algorithm that was heuristically less
CAL SEARCH effective, and so likely to have a threshold further from the phase
transition. We also selected for study an algorithm that is very sim-
ple an so might (we hope) ultimately be amenable to theoretical
study.
The algorithm used is that of “Pure Pure Random Walk” (PRWSAT)

This paper/?] asks the question:

As we move away from the phase transition region into
the underconstrained region, do the problems become
efficiently solvable, on average, by parallel (as well as

sequential) algorithms? P := arandomly generated truth assignment

for j := 1to MAX-FLIPS{
if ( P is a solution) thenreturnP
else
¢ := arandomly selected unsatisfied clause
flip a random literal frone }
return failure

For a sequential algorithm, “efficient” usually means polynomial
in the number of variableély(n)). However, for a parallel algo-
rithm, “efficient” we want to take good advantage of parallel com-
putation, and so is generally taken to mean being polynomial in the
log of the number of variablep§ly(log(n))) or “polylog time”.

The question is non-trivial because there are problems (called
P-complete) that can be solved efficiently sequentially, but are gen-
erally believed to have no efficient solution. It could have happened
that the easy problems below the phase transition had no efficient
parallel solution, and this would have bad implications for the un-
derpinnings of ANTS. However, in fact we found (empirically) that
they did have efficient parallel solutions.

In particular, we studied the behavior of a distributed local search, e o < 2.7 The scaling of PRWSAT is simple linear. Further-

This algorithm [l] predates (and inspired) the usual WalkSAT.
Somewhat remarkably, despite its naivete, it is average polytime on
2SAT (which has a linear time algorithm, but it is still somewhat
surprising that such a naive local search algorithm does not end up
making exponentially long mistakes).

We find experimental indications of a thresholdwats 2.7

algorithm, WSAT, since such algorithms are fairly common method more, the variance of runtimes between different instances is

to solve distributed optimization problems. On Random 3SAT, small. That is, in this region, the runtime of the local search

WSAT exhibited polylog scaling, specifically we found that dis- algorithm, is not only fast, but is also highly predictable be-

tributed WSAT is O(log(n?) ). tween instances.

3. SCALING OF WALKSAT e a> 2.7. In thi; region the scaling appears to be bad (not

) . ) linear, and possibly not even polynomial). Furthermore, the

In [3] we study the scaling over the entire easy region. In com- variance of runtime between instances is no longer small.

parison most previous studies have been restricted to just the phase That is, the scaling is bad, and there is also little ability to

transition region. Over most of this region the scaling of the (se- predict the runtime on an instance.

guential) local search algorithm WalkSAT is found to be a simple

power-law. Note that the threshold is different than for the heuristically-
The final law (equation 12 of3]) is that the number of flips enable algorithm studied earlier. That is, the position of the thresh-

needed scales as: old is algorithm dependent, in contrast to the algorithm indepen-

dence of the phase transition itself.
son 1 That is, we have a threshold, depending on the algorithm, that
(ap—a)91 @ separates regions
whereq is the clause/variable ratio, apg.g: andag are constants.
The utility of this simple scaling law is to suggest that the scal-
ing behavior of even difficult-to-predict algorithms can empirically
have good behaviors. ¢ badbad (exponential) scaling, high variance between instances.
Initial intentions are: Runtimes are high and unpredictable.

e scaling laws might prompt some theoretical work—it seems
reasonable that it ought to be predictable in the easy region

e good linear or polytime scaling, low variance between in-
stances. Runtimes are low and predictable

Clearly, for ANTS systems, in which we want to be able to pre-
dict runtimes, we want to be below the threshold for the algorithm.

e provide an example of an empirical law, that might be use-
ful in other domains, and so might be useful for empirical 5. CONCLUSIONS

predictions of scaling behavior Our belief before this work—a reflection of the general belief
of the community—was that, while the algorithms slow down as
we approach the phase transition, that it would do so gradually.
However, the surprise was that experiments yielded dhate Hence, th'e main Iesson_learned was that sharp transitions, fr_om
4.19 was significantly below the phase transition point. This sug- 900d scaling to bad scaling properties can also occur when using
gested that there could be a significant change in the scaling behayv loca! search method. Furthermore the location of the threshold
ior at a point distinctly below the phase transition. can vary Wlth the Qetqlls of thg algprlthm—ln contrast to the phase
transition itself which is algorithm independent.
Better algorithms presumably have a threshold that is closer to

4. SCALING OF PURE WALKSAT the phase transition, but will require more computational effort.

Unfortunately, althoughd] suggested the existence of a thresh- Hence there is a tradeoff:
old below the phase transition, the algorithm used was so effective
that the potential threshold was so close to the phase transition that e high quality algorithm - slower, but might be a net win be-
separating it from the phase transition was experimentally difficult. cause end up in the poly scaling region

Note that this formula is valid only far < «ag, but that for any
sucha that the scaling is linear.



e low quality algorithm—faster, if the solution quality expected
to be achievable in the time limit is low enough, then we
might effectively be in the easy region, and so the resulting
poly scaling means the algorithm will produce good enough
results soon enough—might be a net win, because of the re-
duced communication costs in implementing the simpler al-
gorithm

Areasonable goal would be to estimate the solution quality likely
to be achievable in the time limit, and then use this to select the
cheapest algorithm that would be in its easy region at that quality.
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