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Abstract

Boolean satisfiability (SAT) is the canonical NP-complete problem that plays an important role in
AI and has many practical applications in Computer Science in general. Boolean networks (BN) are
dynamical systems that have recently been proposed as an algorithm for solving SAT problems [7]. We
have carried out a detailed investigation of the dynamical properties of BN corresponding to random
SAT problems of different size. We varied the problem size by changing the number of variables and
the number of clauses in the Boolean formula. We show that dynamics of BN corresponding to 3-SAT
problems display a threshold-like behavior, although this transition occurs far below the well known
phase transition in the computational complexity of random 3-SAT. This threshold behavior does not
appear to be connected to the transition between frozen and chaotic dynamics regimes of random BN.

1 Introduction

Boolean satisfiability (SAT) plays a fundamental role in modern problem-solving techniques. Most com-
putational problems arising from real-world applications such as planning, scheduling, resource allocation,
protein folding, computer chip verification and routing can be encoded as SAT problems. Some of the most
advanced solvers for these problems are based in SAT encodings that when used in combination with state-
of-the-art SAT engines [8] can handle large-scale instances very efficiently. Since all NP-complete problems
can be encoded into SAT, the study of SAT problems have traditionally occupied a central role in theoretical
computer science. However, due to the strong similarities with disordered systems, in recent years SAT has
captured the attention of many scientist in statistical physics and mathematics and they have produced very
efficient new algorithms and helped expand the understanding of the complexity of SAT [6].

SAT is a logical problem formed by Boolean variables (a, b, c, . . .) and logical constraints (AND, OR,
NOT) on the variables. The SAT problem consists of finding the right assignments (True or False) for each
variable such that all constraints are satisfied at the same time. SAT problems are usually expressed as a
Boolean formula in conjuctive normal form (CNF). The CNF formula is formed by a conjunction of clauses.
A clause is a disjunction of literals. (A literal is a variable or its negated value.) If each clause if formed by
k literals then we refer to this problem as k−SAT. A 2 clauses and 5 variables 3-SAT example would be,

f = (a ∨ b ∨ c) ∧ (b ∨ d ∨ e) (1)

It is a well known phenomenon that random k−SAT undergoes a phase transition in computational
complexity for k > 2. This transition occurs for specific values of α = M/N , the ratio of number of clauses
(M) to number of variables (N). For low values of α the problem is easy to solve and there is a large number
of possible valuations of the variables that solve the problem, in this regime we say that the problem is
under-constrained. For large values of α, the problem is over-constrained and it is easy to discover early on
the search process that no solution to the problem exists. However, around the critical value αc, the problem
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becomes computationally hard [8, 3] and sometimes there is only a single valuation, out of the 2N possible
combinations, that solves the formula.

In the case of random 3-SAT, it is well known that αc ≈ 4.25. However, the fact that an ensemble
of random formulas with a given value of α will show a phase transition in computational complexity is
insufficient to predict the behavior of a single instance of the problem. The problems derived from real
world-applications are usually not extracted from random distributions and the effect of the structure of the
problem on the predicted value of transition behavior is still an open research issue.

1.1 Boolean Networks

A Boolean Network (BN) is a directed graph of nodes, where each node is characterized by a boolean value
xi and a boolean function Fi, that defines the dynamics of the network. Each node takes as input the values
of its neighbors at time t and maps it to a new value at t+1 according to Fi. In Random Boolean Networks
(RBN) both the neighbor nodes and the boolean functions are chosen randomly. RBN-s were proposed by
Kauffman [4] as a model of genetic regulatory networks, and have since been used to model complex adaptive
systems, including multi-agent systems [2].

We borrow concepts from dynamical systems theory to describe the state space of random BN. Each
configuration or state of the network of N nodes may be considered as a point in a highly dimensional state
space, where each dimension corresponds to one of nodes. Evolution of the network in time from some initial
state traces a trajectory through state space. If, after some period of time, the network comes back to one
of the states it already visited L steps in the past, it will forever retrace this sequence of L states. We say
that the system has fallen into a period L attractor. The states in the trajectory leading up to the attractor
(the transient) are said to lie in the basin of attraction. Attractors of length L = 1 are called fixed points of
the network.

The dynamics of a RBN is fully characterized by the average network connectivity K and the so called
homogeneity parameter 0.5 ≤ p ≤ 1 which determines the majority fraction of 0’s and 1’s in the output of
the boolean functions. Let us denote γ = 2Kp(1− p). Then for γ > 1 the dynamics of the system is chaotic
with an exponentially increasing length of attractors as the system size grows, while for γ < 1 the network
reaches a frozen configuration. The case γ = 1 corresponds to a phase transition in the dynamical properties
of the network [1, 5] and is often referred as the edge of the chaos [1, 9].

Because they describe “networks of influence” (value a node can take depends on values of its neighbors),
BN can serve as models of SAT. Indeed, in a recent paper Milano and Roli described a BN based algorithm
for SAT problems [7]. They found, however, that such a deterministic algorithm performs very poorly
compared to other alternatives, such as GSAT . They also considered asynchronous BN (nodes update their
states asynchronously), and stochastic BN (a node does not update its state with a certain probability), and
showed that these modifications can significantly improve the performance of algorithm.

In this paper we report on our investigation of the dynamical properties of deterministic BN algorithm
proposed in [7]. In particular, we studied how the performance of the algorithm depends on the clause to
variable ratio α. We varied the problem size by changing both the number of variables and the number of
clauses in the Boolean formulas, as well as the number of variables in each clause (k = 2, 3). We discovered
that dynamics of BN corresponding to random 3-SAT problems display a threshold behavior for α ≈ 2.0,
which is far below the well known phase transition in computational complexity of 3-SAT. Remarkably, this
threshold behavior becomes more dramatic as one increases the problem size, a feature which is characteristic
for a phase transition.

2 BN as an Algorithm for Solving SAT Problems

Milano and Roli [7] have proposed a mapping that transforms a SAT problem into a BN where every node
of the network corresponds to a boolean variable in the SAT formula. They proved this mapping is complete
and sound, meaning that there is a one-to-one correspondence between solutions of SAT instances and fixed
points of the network. The mapping is defined as follows: Given a boolean formula with N variables in
CNF: Φ = c1 ∧ c2 ∧ . . . ∧ cm

For each variable xi, i = 1, . . . , N
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Let Oi = cj , j = 1, . . . ,m|xi ∈ cj , and Ai = cj , j = 1, . . . ,m|xi ∈ cj
Boolean function Fi ≡ ((xi ∧And(Ai)) ∨And(Oi))

where And(X) is the logical operator ∧ applied to the elements of X, and overline denotes negation.
The algorithm for finding a solution of a SAT instance is as follows: starting at a random initial state,

the network evolves until either an attractor of length L is reached or maximum number of allowed steps
Tmax is exceeded. If the network relaxes to a fixed point, it is returned as a solution: otherwise the algorithm
restarts from another random state. The maximum number of restarts is limited. Milano and Roli noted
that the deterministic BN significantly underperforms local search algorithms like GSAT in most parameter
ranges. In fact, BN are only somewhat better than the “generate and test” approach to solving SAT. The
improvement comes from the fact that unlike in “generate and test”, the initial state does not have to be a
solution — as long as it is in the basin of a fixed point, BN will eventually evolve to this fixed point. Despite
the disappointing results, we were interested in further studying the properties of BN and investigating a
possible connection between phase transition in the dynamics of random BN and phase transition in the
computational complexity of SAT.

2.1 Experimental Results

We carried out a detailed analysis of the solution space of 3-SAT problems of varying sizes. We generated
random instances of 3-SAT problems with N variables andM clauses. For small problem sizes, up to N = 20,
we were able to exhaustively scan the state space of the BN, but for larger problems, we randomly sampled
the state space by evolving the network from 220 random initial states.
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Figure 1: (a) Fraction of fixed points and the weight of their basins of attraction and (b) the weight of the
basins for L > 1 attractors vs α for 20 variable 3-SAT problems. The insets show the corresponding average
basin sizes.

2.1.1 State Space

Figure 1(a) shows the fraction of fixed points and the weight of their basins (i.e., the fraction of points in
the basins) vs α =M/N for N = 20 3-SAT problem set. Each point is an average of 100 independent trials.
The fraction of fixed points (solutions) sharply drops to zero with α; however, the total size of the basins of
attraction of fixed points remains significant as α increases. Therefore, the probability of finding a solution,
which is the probability a randomly chosen state will be either a fixed point or lie in the basin of attraction
of one (for sufficiently large Tmax) remains high up to α ≈ 2.0.

The reason that the probability of finding a solution does not drop at the same rate as the number of
fixed points is due to the fact that the weight of the basins of the fixed points grows with α initially, as
shown in the inset of Fig. 1(a) for random 3-SAT formulas with N = 20. The basin size attains maximum
value around α ≈ 2, and sharply drops after that. For α > 3.5 the basins shrink until the state space consists
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of a small number of fixed points without a basin of attraction. In the overconstrained regime where SAT
formulas generally do not have any solutions, the fixed points disappear entirely. Instead, in this regime, the
dynamics of BN is characterized by attractors, mostly of period L = 2, 4, but also a small fraction higher
period attractors. More importantly, we found that this L > 1 attractors are characterized by huge basins,
which for α > 3 constitute to more than 95% of the whole state space as shown in Fig. 1(b). This results in
very long transients in the network dynamics, and hence, in a very poor performance of the algorithm.
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Figure 2: (a) Probability of finding a solution vs α for three different 3-SAT problem sizes. (b) Probability
of finding a solution vs α for 2SAT problems with N = 20.

Figure 2(a) shows the probability of finding a solution vs α for problem sizes N = 20, 30, 100. For N = 20,
this probability was computed as the fraction of states that were found to belong either to fixed points or
their basins. For larger problem sizes, solution probability was defined as a ratio of the number of states
that belong to the fixed points or their basins and the total number of states visited by the algorithm from
the 220 initial states. Of course, for N = 100 we were able to sample only a small fraction of the total state
space.

Note that solution probability displays threshold behavior with respect to α reminiscent of the phase
transition in computational complexity that has been observed for 3-SAT. Moreover, the threshold becomes
sharper as the network size increases. Indeed, such sharpening of threshold is the hallmark of phase tran-
sitions. We note that his threshold is observed for α ≈ 2, far below the phase transition in computational
complexity, estimated for 3-SAT to occur at αc ≈ 4.3.

As we already mentioned, the threshold behavior is caused by diverging transients around α ≈ 2.0. This
is already visible for small problem sizes (Fig. 1 for N = 20) and becomes much more pronounced for larger
problems. As basins grow as α → 2, so does the time to find the solution (fixed point). Note also that the
average basin size can be used to set an upper bound on the number of iterations used to find a solution.

2.1.2 Comparison with WalkSAT

In addition to studying solution space of BN, we have also undertaken a qualitative comparison with Walk-
SAT, a popular algorithm for solving SAT problem instances. Unlike BN, WalkSAT is a non-deterministic
algorithm. In our trials, we had both WalkSAT and BN try to find a solution starting from the same initial
state. For α < αc, WalkSAT generally found a solution after a dozen or so steps (flips). BN, on the other
hand, took many more iterations to converge to a fixed point, if at all. Table 1 presents results for WalkSAT
performance on a set of 20 randomly generated 3-SAT problems with α = 1.50 and α = 4.55. The solutions
found by both algorithms were different, indicating that WalkSAT trajectory switches between basins of BN.
It is remarkable that WalkSAT manages to find a solution for α = 4.55 within a few hundred flips, when the
probability that a solution exists is a small fraction of a percent.
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α WalkSAT flips p
1.50 7.12± 3.31 0.88
4.55 309.74± 105.43 2.56× 10−5

Table 1: Comparison of WalkSAT and BN performance on a set of N = 20 problems for two different values
of α

2.1.3 2-SAT

We have also studied BN corresponding to 2-SAT problems. 2SAT formula have exactly two boolean
variables in each clause. These problems are known to have a satisfiability/unsatisfiability transition at
α = 1.0. Fig. 2(b) shows the probability of finding a solution (fraction of total states that are either fixed
points or their basins). Each point is an average of 100 independent trials. Although the threshold is
quite broad, as would be expected for such relatively small problem sizes, it is consistent with the α = 1.0
transition.

2.2 Dynamical Properties of k-SAT Networks

As we mentioned above, the BN algorithm for the k-SAT demonstrates a threshold behavior: for small α
the algorithm finds the solution (fixed point) after a relatively small number of steps, and for large enough α
the network settles into a usually short-period attractor. For α close to 2 (which corresponds to connectivity
K ≈ 3α ∼ 6), however, the network dynamics has long transients, whose length, we believe, increase
exponentially with the size of the system. Moreover, our simulations for large system sizes suggest that long
transients at threshold belong to relatively short period attractors. Note that this behavior is very different
from the frozen/chaotic phase transition in RBN, where the chaotic phase is characterized by attractors with
exponentially large (in N) periods. Although a full consideration of this difference goes beyond the scope of
this paper, below we provide some insights on its origin.

Note that the boolean function for variable xi in the k-SAT network strongly depends on the value of
xi itself. It is useful to stress this dependence explicitly. One can represent the dynamics of node xi by:
xi(t + 1) = xi(t)fi(Ai) + (1 − xi(t))gi(Oi), where Ai (Oi) is the set of clauses in the boolean formula that
contain xi (xi) as defined in Section 2, and fi(Ai) = And(Ai), gi(Oi) = And(Oi). For large system sizes
the average number of clauses in Ai and Oi is n ∼ 3

2α. If we neglect the probability of having a “multiple
connection” to the same node, which is justified for large system sizes, then it is easy to see that the number
of 1-s in the output of the function fi(Ai) decays exponentially as (3/4)n. Similarly, the fraction of inputs
for which gi(Oi) returns 0 decays as (3/4)n. Hence, if one assumes that the inputs are assigned randomly at
each time step (annealed approximation), then the probability for a node to change its state exponentially
approaches to 1 with α. Consequently, for sufficiently large α the dynamics of the network will consist of
period two attractors, where each node constantly changes its state. Indeed, our simulation confirm this
observation. In contrast, for a RBN with large α (large connectivity K) the dynamics should be strongly
chaotic (note that the homogeneity coefficient p is close to 1/2 because of the symmetry in updating rule).
This difference is due to the fact that the boolean functions in the k-SAT network are not random, but
rather have a structure, which keeps the system off the chaotic regime for large K.

3 Conclusion

We have studied Boolean Networks as an algorithm for finding solutions to random k-SAT problems. Our
intent was to (i) make a connection between the well-understood dynamic properties of random BN and the
computational complexity of 3-SAT problems, and (ii) use additional topological features (such as network
connectivity, clustering coefficient) to predict the computational complexity of individual problem instances.
We have carried out an intensive investigation of the dynamical properties of BN corresponding to k-SAT
formulas of different sizes. Although we were not successful in our original goals, we discovered that dynamics
of BN corresponding to 3-SAT problems display a threshold behavior. Moreover, the threshold grew sharper
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as the problem size was increased. We observed this threshold at α ≈ 2.0, far below the well known phase
transition in computational complexity of 3-SAT, that occurs around α = 4.3. There also does not appear to
be any connection between either the observed threshold at α = 2.0 or the phase transition in computational
complexity of 3-SAT and the phase transition in the dynamics of random BN. We believe that even though
the 3-SAT problem instances are random, the resulting BN have structure different from random BN.
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