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Abstract

We present an asymptotic analysis of Viterbi Training (Vmdl@ontrast it with a
more conventional Maximum Likelihood (ML) approach to pakger estimation
in Hidden Markov Models. While ML estimator works by (logglimaximizing
the likelihood of the observed data, VT seeks to maximizeptiodability of the
most likely hidden state sequence. We develop an analytaralkework based on
a generating function formalism and illustrate it on an ¢yasolvable model of
HMM with one unambiguous symbol. For this particular modhel ML objective
function is continuously degenerate. VT objective, in cast, is shown to have
only finite degeneracy. Furthermore, VT converges fastdrrasults in sparser
(simpler) models, thus realizing an automatic Occam’sré@moHMM learning.
For more general scenario VT can be worse compared to ML Hiutagbable of
correctly recovering most of the parameters.

1 Introduction

Hidden Markov Models (HMM) provide one of the simplest exdaspof structured data observed
through a noisy channel. The inference problems of HMM ralyidivide into two classes [20, 9]:
i) recovering the hidden sequence of states given the obsseege@nce, ang estimating the model
parameters (transition probabilities of the hidden Markbgin and/or conditional probabilities of
observations) from the observed sequence. The first clgg®blems is usually solved via the max-
imum a posteriori (MAP) method and its computational impdetation known as Viterbi algorithm
[20, 9]. For the parameter estimation problem, the prewvgifhethod is maximum likelihood (ML)
estimation, which finds the parameters by maximizing thelillood of the observed data. Since
global optimization is generally intractable, in practités implemented through an expectation—
maximization (EM) procedure known as Baum—-Welch algorifafh 9].

An alternative approach to parameter learning is Viterbifing (VT), also known in the literature
as segmental K-means, Baum-Viterbi algorithm, classifingEM, hard EM, etc. Instead of maxi-
mizing the likelihood of the observed data, VT seeks to méerthe probability of the most likely
hidden state sequence. Maximizing VT objective functiohasd [8], so in practice it is imple-
mented via an EM-style iterations between calculating tiPMequence and adjusting the model
parameters based on the sequence statistics. It is knowTHacks some of the desired features
of ML estimation such as consistency [17], and in fact, cadpce biased estimates [9]. However,
it has been shown to perform well in practice, which explaissvidespread use in applications
such as speech recognition [16], unsupervised dependansiyng [24], grammar induction [6], ion
channel modeling [19]. It is generally assumed that VT ise@mabust and faster but usually less
accurate, although for certain tasks it outperforms cotiweal EM [24].
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The current understanding of when and under what circuroetaone method should be preferred
over the other is not well-established. For HMMs with contisa observations, Ref. [18] established
an upper bound on the difference between the ML and VT obgftinctions, and showed that both

approaches produce asymptotically similar estimates viherdimensionality of the observation

space is very large. Note, however, that this asymptotid lisnnot very interesting as it makes

the structure imposed by the Markovian process irrelevargimilar attempt to compare both ap-

proaches on discrete models (for stochastic context framigrars) was presented in [23]. However,
the established bound was very loose.

Our goal here is to understand, both qualitatively and gtaively, the difference between the two
estimation methods. We develop an analytical approachdbaseyenerating functions for exam-
ining the asymptotic properties of both approaches. PusWoa similar approach was used for
calculating entropy rate of a hidden Markov process [1].eHee provide a non-trivial extension of
the methods that allows to perform comparative asymptotidysis of ML and VT estimation. Itis
shown that both estimation methods correspond to certe@dénergy minimization problem at dif-
ferenttemperaturesFurthermore, we demonstrate the approach on a partidatss of HMM with
one unambiguous symbol and obtain a closed—form solutitinet@stimation problem. This class
of HMMs is sufficiently rich so as to include models where nibjparameters can be determined
from the observations, i.e., the model is m#ntifiable[7, 14, 9].

We find that for the considered model VT is a better optionefltfi objective is degenerate (i.e., not
all parameters can be obtained from observations). Nametyonly VT recovers the identifiable
parameters but it also provides a simple (in the sense thaidemtifiable parameters are set to
zero) and optimal (in the sense of the MAP performance) mwutence, VT realizes an automatic
Occam’s razor for the HMM learning. In addition, we show ttteg VT algorithm for this model
converges faster than the conventional EM approach. Wieetles ML objective is not degenerate,
VT leads generally to inferior results that, neverthelesay be partially correct in the sense of
recovering certain (not all) parameters.

2 Hidden Markov Process

LetS = {So, S1,Sq, ...} be a discrete-time, stationary, Markov process with caolit probability
Pr[Sky1 = s|Sk—141 = sk—1] = p(sk|sk-1), 1)

wherel is an integer. Each realizatiep of the random variablé§;, takes values, ..., L. We assume
thatS is mixing: it has a unique stationary distributipn (s), >>"_, p(s|r)ps: (1) = pei(s), that is
established from any initial probability in the long timanii.

Let random variableg;, with realizationsr; = 1,.., M, be noisy observations &;: the (time-
invariant) conditional probability of observindj; = x; given the realizatio; = s; of the Markov
process isr(zk|sg). Definingx = (zn, ...,21), 8 = (sn, ..., So), the joint probability ofS, X' reads

P(S,X) :TSN sN,l(xN)---Tsl so('rl)pst(s())a (2)
where thel x L transfer-matrixl'(x) with matrix elementd, ;, ., (z) is defined as
T, Si—l('r) = Tr(x|5i)p(5i|5i*1)' 3

X = {X1,X,, ...} is called a hidden Markov process. Generally, it is not Markut it inherits
stationarity and mixing fron® [9]. The probabilities fort’ can be represented as follows:

Px)=) [Ty pa(s), T(x)=T(an)T(n-1)... T (1), (4)
whereT(x) is a product of transfer matrices.
3 Parameter Estimation

3.1 Maximum Likelihood Estimation

The unknown parameters of an HMM are the transition proliggsip(s|s’) of the Markov process
and the observation probabilitiegz|s); see (2). They have to be estimated from the observed



sequence. This is standardly done via the maximum-likelihood apptoaone starts with some

trial valuesp(s|s’), #(x|s) of the parameters and calculates the (log)-likelihbo®(x), whereP
means the probability (4) calculated at the trial valueshef parameters. Next, one maximizes

In P(x) overp(s|s’) and#(x|s) for the given observed sequencdin practice this is done via the
Baum-Welch algorithm [20, 9]). The rationale of this apprioas as follows. Provided that the
length N of the observed sequence is long, and recaling A& mixing (due to the analogous
feature ofS) we get probability-one convergence (law of large numb&is)

I Px) =Y Ply)nP(y), )

where the average is taken over the true probabifify..) that generateck. Since the relative
entropy is non-negativé,". P(x) In[P(x)/P(x)] > 0, the global maximum of_, P(x) In P(x)
as a function ofp(s|s’) and#(x|s) is reached fop(s|s’) = p(s|s’) and7(x|s) = w(x|s). This
argument is silent on how unique this global maximum is ana difficult to reach it.

3.2 Viterbi Training

An alternative approach to the parameter learning emplwystaximal a posteriori (MAP) estima-
tion and proceeds as follows: Instead of maximizing thdiliko®d of observed data (5) one tries to
maximize the probability of the most likely sequence [20,8iven the joint probabilit;lf’(s, x) at
trial values of parameters, and given the observed sequenmee estimates the generating state-
sequence via maximizing the a posteriori probability

P(s|x) = P(s,x)/P(x) (6)

overs. SinceP(x) does not depend o5 one can maximizén P(s,x). If the number of obser-

vations is sufficiently largév. — oo, one can substituteiaxg In P(s, x) by its average oveP(...)
[see (5)] and instead maximize (over model parameters)

Z P(x) maxg In P(s, x). (7)
To relate (7) to the free energy concept (see e.g. [2, 4]),efiaelan auxiliary (Gibbsian) probability
palsix) = PP(s,x)/ [S2_ PP/, x)] ®)

where > 0 is a parameter. As a function sf(and for a fixedx), p3—(s|x) concentrates on
thoses that maximizdn P(s, x):

e (sl) = 123 ols, 303, ©

whered(s, s') is the Kronecker deltal! (x) are equivalent outcomes of the maximization, aid
is the number of such outcomes. Further, define

Fg = _%ZXP(X) In Zspﬁ(s,x). (10)

Within statistical mechanics Eqs. 8 and 10 refer to, re$gelgt the Gibbs distributionand free
energyof a physical system with HamiltoniaH = —In P(s,x) coupled to a thermal bath at
inverse temperaturé = 1/7" [2, 4]. It is then clear that ML and Viterbi Training corregmb
to minimizing the free energy Eq. 10 &t = 1 and3 = oo, respectively. Note that?dzF =
—>  P(x)>".ps(s|x)In pg(s|x) > 0, which yieldsF; < F..

3.3 Local Optimization

As we mentioned, global maximization of neither objectwddasible in the general case. Instead,
in practice this maximization i®cally implemented via an EM-type algorithm [20, 9]: for a given
observed sequenesg and for some initial values of the parameters, one calesithie expected value
of the objective function under the trial parameters (Epstand adjusts the parameters to maximize
this expectation (M-step). The resulting estimates of ta@meters are now employed as new trial
parameters and the previous step is repeated. This recuwaiinues till convergence.



For our purposes, this procedure can be understood as at@igutertain statistics of the hid-
den sequence averaged over the Gibbs distribution Eqgs. 8eeth let us introducg, (s) =

Y1 0(si1.)3(sib) and define

BFs(7) ==Y P(x)In) P7(s,x)f,(s). (11)

Then, for instance, the (iterative) Viterbi estimate of ttamsition probabilities are given as follows:

ﬁ(sk-ﬁ-l =a,8,=b)= _BW[FOO(’V)]H—@' (12)
Conditional probabilities for observations are calcudatamilarly via a different indicator function.

4 Generating Function

Note from (4) that bothP(x) and P(x) are obtained as matrix-products. For a large number
multipliers the behavior of such products is governed byrthatiplicative law of large numbers.
We now recall its formulation from [10]: foN — oo andx generated by the mixing proce&s
there is a probability-one convergence:

S I = 37 Py AT (13)

where||...]| is a matrix norm in the linear space &fx L matrices, and\[T(x)] is the maximal
eigenvalue ofl'(x). Note that (13) does not depend on the specific norm choseaybe all norms
in the finite-dimensional linear space are equivalent; thifgr by a multiplicative factor that disap-
pears forN — oo [10]. Egs. (4, 13) also imply_ A\[T(x)] — 1. Altogether, we calculate (5) via
its probability-one limit

—Z x)In P(x _>_Z AT (x)] In A[T(x)]. (14)

Note that the multiplicative Iaw of large numbers is norrylaﬂrmulated for the maximal singular
value. Its reformulation in terms of the maximal eigenvateeds additional arguments [1].

Introducing the generating function
AN (n,N) =3 A[T(x {A( )}, (15)

wheren is a non-negative number, and wher# (n, N) means\(n, N) in degree ofV, one repre-
sents (14) as

—Z AT (x)] In A\[T(x)] = O A(n, N)|p—o, (16)
where we took into accourt(0, ) =1, as follows from (15).

The behavior of\" (n, N) is better understood after expressing it via the zeta-fangt(z, n) [1]
co gMm m
&(z,n) = exp [—Zm_lﬁA (n,m)| (17)

whereA™(n,m) > 0is given by (15). Since for a larg€, AN (n, N) — AN (n) [this is the content
of (13)], the zeta-functiog(z,n) has a zero at = ﬁ:

£(1/A(n), n) = 0. (18)
Indeed forz close (butsmallerthaq@—,the seried > ZA™(n,m) — Z;’::l% almost
diverges and one hagz,n) — 1 — zA( ). Recalling thatA(0) = 1 and takingn — 0in 0 =
d (ﬁ, n), we get from (16)

dn
_ 0n€(1,0)
7 AT AR = G .

For calculating—-3F} in (10) we have instead of (19)

BFs  0,£00(1,0)
N 9.£P1(1,0) 20

(z) = 7P (x|s;) p° (s4]si_1) instead of s, 5., () in (19).

where¢!?(z, n) employsT’

Slsl 1

of

Though in this paper we restricted ourselves to the lifit> oo, we stress that the knowledge of

the generating function™ (n, V) allows to analyze the learning algorithms for any finife



Figure 1: The hidden Markov process (21-22) foe= 0. Gray circles and arrows indicate on the
realization and transitions of the internal Markov processe (21). The light circles and black
arrows indicate on the realizations of the observed process

5 Hidden Markov Model with One Unambiguous Symbol

5.1 Definition

Given alL-state Markov procesS, the observed process has two state$ and2; see Fig. 1. All
internal states besides one are observel] aile the internal staté produces, respectively,and

2 with probabilities] — ¢ ande. For L = 3 we obtain from (1)r(1|]1) = 1 — 7(2[]1) = 1 — ¢,
m(1)2) = 7(1]3) = 7(2]1) = 0, 7(2]|2) = 7(2]|3) = 1. Hencel is unambiguous: if it is observed,
the unobserved processwas certainly inl; see Fig. 1. The simplest example of such HMM exists
already for. = 2; see [12] for analytical features of entropy for this cases, Wowever, describe
in detail theL. = 3 situation, since this case will be seen to be generic (inreshtoL = 2) and

it allows straightforward generalizations o > 3. The transition matrix (1) of a general = 3
Markov process reads

Po 1 T1 Do 1—p1—p2
P = {p(s|s’) }i,s/:l =\ P1r G 72 |, qo | = l—r1—r (21)
P2 Q2 To ) 1—ry—m

where, e.g.q1 = p(1|2) is the transition probabilitz — 1; see Fig. 1. The corresponding transfer
matrices read from (3)

Po ¢1 T
T(1)=(1-¢) < 0 0 0 ) . T(2)=P—T(1). (22)
0O 0 O

Eq. (22) makes straightforward the reconstruction of thagfer-matrices fof. > 4. It should also
be obvious that for alL. only the first row ofI'(1) consists of non-zero elements.

Fore = 0 we get from (22) the simplest example of an aggregated HMMere/lseveral Markov
states are mapped into one observed state. This model plsyscéal role for the HMM theory,
since it was employed in the pioneering study of the nonfiflehility problem [7].

5.2 Solution of the Model

For this model(z,n) can be calculated exactly, becadsgl ) has only one non-zero row. Using
the method outlined in the supplementary material (see[&]<}]) we get

E(z,n) =1 = z(tolfy +707¢) + Y TP gti—z — By tia] " (23)
wherer and7 are the largest eigenvaluesBf2) andT(2), respectively
L
te = (UTWT@) 1) =) 7atba, (24)
Yo = (UT(1)|Ra)(Lal1), (1] =(1,0,...,0). (25)
Here|R,) and(L,| are, respectively right and left eigenvaluesg®), while 4, ..., 7. (7, = 7)

are the eigenvalues @f(2). Egs. (24, 25) obviously extend to hatted quantities.



We get from (23, 19):
gm) =77 (1=
On€(1,0) _ YiZots Inii]
0:£(1,0)  3pZo(k+ Dtx”
Note that fore = 0, t; are return probabilities to the stateof the L-state Markov process. For
e > 0 this interpretation does not hold, bytstill has a meaning of probability 38 - ¢, = 1.

it ) | (26)

(27)

Turning to equations (19, 27) for the free energy, we noteabha function of trial values it depends
on the following2 L. parameters:

(%17"'572L71Z;17"'71Z;L)- (28)

As a function of the true values, the free energy depends®sdme2 . parameters (28) [without
hats], though concrete dependencies are different. Fattiiked class of HMM there are at most
L(L — 1) + 1 unknown parametersL(L — 1) transition probabilities of the unobserved Markov
chain, and one parametecoming from observations. We checked numerically that #eobBian
of the transformation from the unknown parameters to thampaters (28) has raril. — 1. Any
2L — 1 parameters among (28) can be taken as independent ones.

For L > 2 the number o€&ffectiveandependent parameters that affect the free energy isantiain
the number of parameters. So if the number of unknown pasmet larger thag L — 1, neither
of them can be found explicitly. One can only determine tHaesof the effective parameters.

6 The Simplest Non-Trivial Scenario

The following example allows the full analytical treatmgdmit is generic in the sense that it contains
all the key features of the more general situation given al§a¢). Assume that = 3 and

qo = Go =19 =170 =0, e=¢=0. (29)
Note the following explicit expressions
to = po, t1 = p1q1 + par1, t2 = p1r1g2 + Paqura, (30)
T=73=+/qar2, o =-7, 11 =0, (32)
Y3 — o =t /7, U3+ by =ta/T7, (32)

Egs. (30-32) with obvious changes — $; for every symbols; hold for 7, 7 andd]k. Note a
consequence OF s _ Pk = Sr—o@k = Sor_oTh = 1t

Hl—to) =1—tg—t1 —ta. (33)
6.1 Optimization of F}

Egs. (27) and (30-32) imply_,~ ,(k + 1)t = L=

— 72

p=1—7>4+ty+ (1 —t)(1 +72) >0, (34)
F : . .
—% = tl lntl +t2h1t2 + (1 —TQ)tolnto + (1 —t0)7'21nf'2 . (35)

The free energy”, depends on three independent parametets, ¢, [recall (33)]. Hence, minimiz-
ing F, we gett; = t; (i = 0,1, 2), but we do not obtain a definite solution for the unknown paa
ters: any four numbers,, po, ¢1, 71 satisfying three equationts = 1 — p1 — po, t1 = p1g1 + poti,
to = ]ﬁl’f‘l(l — qu) +]52(j1(1 — 721), minimizeFl.

6.2 Optimization of F,

In deriving (35) we used no particular feature{gf, }7_,, {dx };_,, {#x};_,. Hence, as seen from
(20), the free energy &t > 0 is recovered from (35) by equating its LHS%()[’% and by taking in



its RHS:{y — pp, 72 — Gois, b1 — PP + paiy, fa — p# G5 + G775 . The zero-temperature
free energy reads from (35)
uFs A2

_T = (1 — 7—2)t0 1n£0 + (1 — t0)7—2 lnT + tl lnmax[ﬁl(jl,ﬁgfl]

+  tolnmax[pagita, P171G2). (36)

We now minimizeF,, over the trial parameteis, po, 41, 7#1. This is not what is done by the VT
algorithm; see the discussion after (12). But at any rath podcedures aim to minimize the same
target. VT recursion for this models will be studied in sectb.3 — it leads to the same result.
Minimizing F., over the trial parameters produces four distinct solutions

{6}, ={p1=0,p2=0,G =0, # =0}. (37)

For each of these four solutiong: = ¢; (i = 0,1,2) andF, = F.,. The easiest way to get these
results is to minimizeF,, under conditions; = ¢; (fori = 0,1,2), obtainF} = F, and then to
conclude that due to the inequality < F., the conditional minimization led to the global mini-
mization. The logics of (37) is that the unambiguous staidsdo get detached from the ambiguous
ones, since the probabilities nullifying in (37) refer tartsitions from or to the unambiguous state.

Note that although minimizing eithdr,, and F; produces correct values of the independent vari-
ablesty, t1, t2, in the present situation minimizing,, is preferable, because it leads to the four-fold
degenerate set of solutions (37) instead of the continyalegienerate set. For instance, if the solu-
tion with p; = 0 is chosen we get for other parameters

b ot
1—to—t; = 1—to
Furthermore, a more elaborate analysis reveals that forfesss set of correct parameters only one

among the four solutions Eq. 37 provides the best value ®qtrality of the MAP reconstruction,
i.e. for the overlap between the original and MAP-decodegisaces.

p2=1—ty, 1 = 71 (38)

Finally, we note that minimizind’,, allows one to get the correct valugst, ¢, of the independent
variablesiy, ¢, andi, only if their number is less than the number of unknown patanse This

is not a drawback, since once the number of unknown paramisteufficiently small [less than
four for the present case (29)] their exact values are obtaby minimizingF;. Even then, the
minimization of F,, can provide partially correct answers. Assume in (36) thatgarametet; is
known,7; = r;. Now F, has three local minima given by = 0, po = 0 andg; = 0; cf. with
(37). The minimum withp, = 0 is the global one and it allows to obtain the exact values ef th
two effective parameterdy = 1 — p; = to andi; = p1G, = t,. These effective parameters are
recovered, because they do not depend on the known parafpeter,. Two other minima have
greater values of,., and they allow to recover only one effective parametgr= 1 — p; = to.

If in addition to7; alsog; is known, the two local minimia of,, (p; = 0 andps = 0) allow to
recoverty = to only. In contrast, ifj; = p; (or po = p») is known exactly, there are three local
minima again—%, = 0, ¢ = 0, #; = 0—but now none of effective parameters is equal to its true
value:t; # t; (i =0,1,2).

6.3 Viterbi EM

Recall the description of the VT algorithm given after (1Epr calculatingﬁ(SkH =a, S, =0b)

via (11, 12) we modify the transfer matrix element in (15, h%)f“ab(k) — Aab(/ﬂ)ev, which
produces from (11, 12) for the MAP-estimates of the traosipirobabilities

_ tix1 +t2X2 _

= 5 = 1 —t — D 5 39
b1 i+ b2+ to(1— 72) b2 0~ D1 (39)
- tix1 +t2(l —x - ~
G = —X 21~ %) 5, ©2=1—q (40)
ti1x1 +t2 + (1 - to)T
- t1(1 —x tox ~ ~
T = i 2“) REERC 5 re=1-—r, (41)
to+t1(1 — Xl) +(1- to)T
wherey, = L X2 = Py dy The3 — oo limit of x; andys is obvious: each
XZ Tl X2 T e e '

of them is equal t@) or 1 depending on the ratiod% and 2722 The EM approach amounts to

7



starting with some trial valueg,, p2, 41, 71 and usingpi, p2, ¢1, 71 as new trial parameters (and
so on). We see from (39-41) that the algorithm convergesijushe step: (39—41) are equal to
the parameters given by one of four solutions (37)—whichameng the solutions (37) is selected
depends on the on initial trial parameters in (39—41)—redog the correct effective parameters
(30-32); e.g. cf. (38) with (39, 41) undgr, = x> = 0. Hence, VT converges in one step in
contrast to the Baum-Welch algorithm (that uses EM to Igaalinimize F3) which, for the present
model, obviously does not converge in one step. There isldpss deeper point in the one-step
convergence that can explain why in practice VT converggtefahan the Baum-Welch algorithm
[9, 21]: recall that, e.g. the Newton method for local optiation works precisely in one step for
qguadratic functions, but generally there is a class of fonst where it performs faster than (say)
the steepest descent method. Further research should dietivar our situation is similar: the VT
works just in one step for this exactly solvable HMM modelthelongs to a class of models, where
VT generally performs faster than ML.

We conclude this section by noting that the solvable casgi§2§eneric: its key results extend to
the general situation defined above (21). We checked thisyfanerically for several values df.

In particular, the minimization of’,, nullifies as many trial parameters as necessary to express th
remaining parameters via independent effective parasigter, . ... Hence forL = 3 ande = 0

two such trial parameters are nullified; cf. with discussaoound (28). If the true error probability

e # 0, the trial valuet is among the nullified parameters. Again, there is a disatetgneracy in
solutions provided by minimizing’,, .

7 Summary

We presented a method for analyzing two basic techniquegsai@meter estimation in HMMs, and
illustrated it on a specific class of HMMs with one unambigsisymbol. The virtue of this class
of models is that it is exactly solvable, hence the soughntities can be obtained in a closed
form via generating functions. This is a rare occasion, bseaharacteristics of HMM such as
likelihood or entropy are notoriously difficult to calcugegxplicitly [1]. An important feature of the
example considered here is that the set of unknown parasristeot completely identifiable in the
maximum likelihood sense [7, 14]. This corresponds to the eggenvalue of the Hessian for the
ML (maximume-likelihood) objective function. In practicene can have weaker degeneracy of the
objective function resulting in very small values for theddian eigenvalues. This scenario occurs
oftenin various models of physics and computational biology [Hénce, it is a drawback that the
theory of HMM learning was developed assuming completetifiebly [5].

One of our main result is that in contrast to the ML approaei groduces continuously degener-
ate solutions, VT results in finitely degenerate soluticat ik sparse, i.e., some [non-identifiable]
parameters are set to zero, and, furthermore, converges. fiigte that sparsity might be a desired
feature in many practical applications. For instance, isipg sparsity on conventional EM-type

learning has been shown to produce better results part e€bgagging applications [25]. Whereas
[25] had to impose sparsity via an additional penalty terth@objective function, in our case spar-
sity is a natural outcome of maximizing the likelihood of thest sequence. While our results were
obtained on a class of exactly-solvable model, it is pldagiiat they hold more generally.

The fact that VT provides simpler and more definite solutieasnong all choices of the parameters
compatible with the observed data—can be viewed as a tygeddtcam’s razor for the parameter
learning. Note finally that statistical mechanics intuitizehind these results is that the aposteriori
likelihood is (negative) zero-temperature free energy oérdain physical system. Minimizing this
free energy makes physical sense: this is the premise ofetend law of thermodynamics that
ensures relaxation towards a more equilibrium state. b zbeo-temperature equilibrium state
certain types of motion are frozen, which means nullifying¢orresponding transition probabilities.
In that way the second law relates to the Occam'’s razor. @thramnections of this type are discussed
in [15].
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Supplementary Material

Here we recall how to calculate the moment-generating fonct(n) via zeta-function [22] and
periodic orbits [3, 1]. Let\[A] be the maximal eigenvalue of matrikwith non-negative elements
[13]. SinceAB and B A have identical eigenvalues, we get?] = (\[A])?, \[AB] = A\[BA] (d is
an integer).

Recall the content of section 4. Eqgs. (15, 3, 4) lead to
A" (nm) =D e o), (42)
e EPYY | IR P | N (43)

where we have introduced a notatidp = 7'(x) for better readability. We obtain

¢[X/, XH] = ¢[X”, X/]a ¢[X/, xl] = ¢2 [X/], (44)

wherex’ andx” are arbitrary sequences of symbg}s One can prove foA™ (n, m) [22]:

m) = > kLo, ..., wll®

klm  (y1,...,7) EPer(k)

wherey; = 1,..., M are the indices referring to realizations of the HMM, and e, ,, means

that the summation goes over &llthat dividem, e.g.,k = 1,2,4 for m = 4. HerePer(k)
contains sequencds = (v, ...,7%) selected according to the following rule$:T" turns to itself
afterk successive cyclic permutations, but does not turn to itf&dir any smaller (thah) number

of successive cyclic permutations; if T is in Per(k), thenPer(k) contains none of those — 1
sequences obtained frolhunderk — 1 successive cyclic permutations. Starting from (45) and
introducing notationg = k, ¢ = 7*, we transforng(z, n) as

&(z,n) = exp Z > Z—wm,...,m

p=1T€Per(p) ¢=1

The summation ovey, ZZOZI#QW[%, o) =—In [l — 2Py, ..., 7], yields

n) = H:Ozl HFEPer(P) [1 =27k, s3]

M A fes)
-1 ZZHM? + Zk:2sokzk, (45)
where),.. 3 = ATy, ...T

25l Aatp = ATe, JA[T%,] (@ll the notations introduced generalize—via

introducing a hat—to functions with trial values of the paeters, e.g75). ¢, are obtained from
(45). We write them down assuming thit = 2 (two realizations of the observed process)

P2 = M2\ + A2y, (46)
P3 = Aara1ABior — Ae21 Aoy + A12AT 10 — M2 AT, (47)
01 = —A222Alygy + A2+1225\3+122 + /\1+122;\?+122 — A122A0

+ Aop211 A8 onn — Mrat12A T 010 + Arp211 AT orr — M12AT . (48)

The algorithm for calculatingy,>5 is straighforward [1] Eqgs. (46-48) far, >4 suffice for approx-
imate calculation of (45), where the infinite s~ is approximated by its first few terms.

We now calculat€(z, n) for the specific model considered in Section 5.1. For thisehazhly the
first row of T} consists of non-zero elements, so we have

A1)(10' = )\1X+1Ua X1)(10' = 5\1)<Jr10'a (49)

wherey ando are arbitrary sequences 8§ and2’s. The origin of (49) is that the transfer-matrices
T(1)T(x1)T(x2)...andT(1)T(c1)T(o2) . .. that correspond tdx andle, respectively, have the
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same structure &8(1), where only the first row differs from zero. Fey, in (45) the feature (49)
implies
o = AT AT
+ AT TE 2 N[ TE 2 N [To)A[T2). (50)

To calculate\ [T177] for an integep one diagonalize®, [13] (the eigenvalues 6, are generically
not degenerate, hence it is diagonalizable),

T, = Zzlea|Ra><La|, (51)

wherer,, are the eigenvalues @k, and whergR,,) and|L,) are, respectively, the right and left
eigenvectors:

T2|Ra> = Ta|Ra>a <La|T2 = Ta<La|7 <La|Rﬁ> = 50([1-

Hered, is the Kronecker delta. Note that generically,|Ls) # dap and(Ra|Rg) # dap. Here
(L] is the transpose df.,,), while |R, ) (L] is the outer product.

Now \ [T7T7] reads from (22):

DT = 37 B, o = (AUTHRa)(LalD). (52)

where(1| = (1,0, ...,0). Combining (52, 50) and (45) we arrive at (23).
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