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Abstract

Mathematical modeling and analysis of collective be-
havior of multi-agent systems is an important tool that
will enable researchers to study even very large systems,
validate agent models and get insight into multi-agent
system design. Biologists, for example, can compare the
model’s predictions to the observed collective behavior of
simple organisms, such as social insects, to understand
individual organism behavior. We describe the process
of automatic construction of models of collective behav-
ior. This process consists of 1) observing the sequence of
agent behaviors, 2) inducing a model of the agent’s be-
havior from these observations, 3) translating the model
into equations describing group behavior, 4) analyzing
the equations to learn more about the system. The focus
of this paper is the last two steps, including a “recipe”
for creating equations of collective behavior from the de-
tails of the individual agent controller.

1. Introduction

Agent modeling deals with observing agents and
learning models of their behavior in order to predict
their future behavior, coordinate with or counter their
actions, detect anomalies and agent failure, etc. An ex-
ample, drawn from the RoboCup soccer competition
domain [?], provides a good motivation for the rel-
evance of agent modeling. In RoboCup, as in many
other adversarial domains, one cannot assume that the
agent’s behavior, goals or strategies will be known in
advance. In order to perform competitively in this set-
ting, it is helpful to recognize the strategies your com-
petitor is using. A number of questions related to this
challenge, such as inferring group-level goals and de-
tecting coordination, have also recently become a topic
of research in the agent modeling community. Most of
the techniques developed so far deal with modeling and

analyzing individual agent’s behavior. Group behavior
has not received as much attention, although clearly in-
dividual and group behaviors are closely tied. In this
paper we examine techniques for using individual agent
models to study their collective group behavior. Of spe-
cial interest to us is the case where group behavior is
not directly programmed into the agent, but emerges
out of interactions among many agents. Our goal is
automatic construction of mathematical descriptions
of collective behavior. Analysis of collective behavior
can provide insight into agent design and agent’s, and
group-level, goals, and be compared with the observa-
tions of collective behavior to validate agent models.

The objects of our study are relatively simple agents
that do not rely on abstract representation, planning,
or higher order reasoning functions. We will further-
more restrict these agents to coordinate through the
mechanism of implicit coordination, if necessary. Im-
plicit or emergent coordination is an alternative to
intentional coordination through task-related commu-
nication or negotiation. Because both computational
and communication requirements these mechanisms
are low, they are effective even for very large systems.
Our approach also allows us to model simple adaptive
agents that can change their behavior in response to
changes in the environment or actions of other agents,
in order to improve the overall system performance.

Many applications based on such simple agents ex-
ist, particularly in the robotics field. These applications
include task allocation [?, ?], formation control [?], bea-
con and odor localization [?], collection [?], segrega-
tion [?], and distributed manipulation [?] tasks, and
robot soccer [?]. The techniques described in this pa-
per can also be applied to biological systems, such as
ant colonies, fish schools, and bee hives. This is not sur-
prising, as these biological systems served as inspira-
tion for the design of emergent behavior in multi-agent
systems. Here analysis of collective behavior can be ex-
tremely useful as it can validate the models of the or-



ganism’s behavior.
We claim that the simple agents described above can

be represented as a stochastic Markov process. The
Rate Equation is a differential equation that governs
the evolution of collective behavior of stochastic pro-
cesses. A Markov process can be modeled by a finite
state automaton. Given a string of observations of an
agent’s — or an organism’s — behaviors, we can in-
duce the automaton that controls its actions. It is not
too far fetched to imagine that an automaton may de-
scribe the behavior of a primitive ant or a fish. In fact,
a research effort to observe and model insect behav-
iors is already underway [?]. In Section 2 we present the
steps of the model construction process, and briefly de-
scribe the problem of learning the automaton describ-
ing an agent from the observations of the agent’s be-
havior. In Section 3.3 we present a practical “recipe”
for constructing the Rate Equations from the details of
the individual agent automaton.

2. Automatic Model Generation

Our goal is to automatically create mathematical
models of the collective behavior of multi-agent sys-
tems. The steps of the model construction process are:

1. Observe agent behavior and break it into discrete
actions

2. Induce the automaton representing the individual
agent controller

3. Translate the automaton into a set of coupled dif-
ferential equations describing collective behavior
of the multi-agent system

4. Solve equations for appropriate initial conditions
and different parameter regimes

The present paper mainly deals with the latter two
tasks. We do not address the equally important yet
separate task of recognizing agent behaviors. If we are
modeling organisms, such as insects or fish, the behav-
ior recognizers are best implemented by biologists with
relevant training. For pedagogical reasons, we assume
that the sequence of agent behaviors is available. For
example, if we are modeling a multi-robot system run-
ning in an embodied simulator, this sequence may be
provided by the simulator itself.

The automaton describing the behavior of the in-
dividual agent can be constructed from the sequence
of agent behaviors collected during the observation pe-
riod. A reactive agent makes a decision about what
action to take based on the action it is currently ex-
ecuting and input from its sensors. Therefore, a reac-
tive agent can be considered an ordinary Markov pro-
cess, and described by a finite state automaton (FSA),

such as one shown in Figure 1(a). For these agents the
model construction step is equivalent to inducing the
regular grammar that generates the sequence of behav-
iors. There are many regular grammar algorithms avail-
able, including the popular ALERGIA [?] and its ex-
tensions. Goldberg and Matarić [?] used the inference
approach to automatically construct the state diagram
of the robot engaged in a foraging task from the se-
quence of behaviors collected during a simulation run
of multi-robot foraging.

A simple adaptive agent that uses its memory to
store observations of the state of the system and then
uses these observations to change its behavior can be
represented by a push down automaton (PDA), or an
FSA with stack. Constructing a model of an adaptive
agent is functionally equivalent to context free gram-
mar inference. Although there are well-known algo-
rithms, such as the Inside-Outside algorithm, it is not
clear how they can be used for this task. For example,
it is not immediately obvious how the inferred con-
text free grammar can be translated to agent memory.
It may be that PDA is not the best representation for
an adaptive agent with memory, and alternative ones,
e.g., Hidden Markov Models, may be more appropri-
ate.

The finite automaton inferred from the sequence of
behaviors of a single agent also describes the macro-
scopic or collective behavior of the multi-agent system
(MAS). However, in order to keep the mathematical
model tractable, it is sometimes expedient to coarse-
grain the model by merging states with short dura-
tion with longer lasting states. The amount of coarse
graining can be estimated from the statistics of the se-
quences.

The macroscopic diagram can then be translated into
a mathematical model describing group behavior as de-
scribed in Section 3.3. The model consists of coupled
differential equations describing how the group behav-
ior changes in time. The model’s predictions can be
compared with the observed group behavior. Signifi-
cant deviations indicate an error in the agent model.

3. Modelling Collective Behavior

In earlier works we developed a mathematical frame-
work [?, ?, ?] for quantitatively studying collective be-
havior of multi-agent systems (MAS) using implicit co-
ordination mechanisms. The approach is based on the
theory of stochastic processes. In [?] we derived cou-
pled differential equations, called Rate Equations, that
describe the time evolution of the collective behavior of
agents. Solutions of these equations describe the system
at any time. We have successfully applied this method-



ology to study foraging [?], collaboration [?] and dy-
namic task allocation [?, ?] in groups of agents.

3.1. Agent as a Stochastic Process

Many types of agents (and simple organisms) using
implicit coordination can be represented as stochastic
processes, because they are subject to unpredictable in-
fluences, including environmental noise, errors in sen-
sors and actuators, forces that cannot be known in ad-
vance, interactions with other agents following complex
trajectories, etc. Our approach does not assume knowl-
edge of agent’s exact trajectories; instead, we model
each agent as a stochastic process and derive a prob-
abilistic model of the aggregate, or average, behavior.
Such probabilistic models often have very simple, intu-
itive form, and can be easily written down by examin-
ing details of the individual agent control diagram.

3.1.1. Reactive agents as finite state automata
A reactive agent is one that makes a decision about
what action to take based on its current state and in-
put from its sensors; therefore, a reactive agent can be
considered an ordinary Markov process1, and its ac-
tions can be represented by a (stochastic) finite state
automaton. In fact, this representation was introduced
to describe robot controllers more than two decades
ago [?] and has been used continuously since [?, ?].
Each state of the automaton represents the action or a
behavior the robot is executing, with transitions cou-
pling it to other states. As an example, consider a
robot engaged in the foraging task, whose goal is to col-
lect objects scattered around an arena. This task con-
sists of the following high-level behaviors: (i) search-
ing for pucks by wandering around the arena, (ii) puck
pickup and (iii) homing or bringing the puck to a pre-
specified home location. Transition from searching to
pickup is triggered by a puck being sensed in the arena,
from pickup to homing by the gripper closing around
the puck, and transition from homing to searching is
caused by the the robot reaching home destination. The
schematic of the controller for this scenario is shown in
Figure 1(a). This diagram is also the FSA represent-
ing the robot.

The model can be extended to communicat-
ing robots, where the state now corresponds to the
type of message being send. Such a model was ap-
plied to coordinated foraging [?], where a robot that
found a collection of pucks broadcast a help call to at-
tract other robots to the site.

1 An ordinary Markov process’s future state depends only on its
present state andnone of the past states.A generalizedMarkov
process’s future state depends on the past m states.
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Figure 1. (a) Schematic diagram of the simpli-
fied robot foraging controller. (b) Schematic dia-
gramof the environment (in this scenario, pucks)

3.1.2. Adaptive agents as push down automata
If an agent had instantaneous global knowledge of the
environment and the state of other agents, it could
dynamically change its behavior, allowing the system
as a whole to adapt to changes. In most situations,
such global knowledge is impractical or costly to col-
lect. However, for sufficiently slow environmental dy-
namics, agents can correctly estimate the state of the
environment through repeated local observations [?].
The agents then use this estimate to change their be-
havior in an appropriate way. We call this mechanism
memory-based adaptation [?] because agents store lo-
cal observations of the system in a rolling memory win-
dow. This memory-based adaptation mechanism was
used for dynamic task allocation in robots [?, ?].

Agents that use an internal state can be described
by a push down automaton (PDA). PDA is an FSA
with a stack on which symbols are placed. Here, we
limit the discussion to the case where the agent’s in-
ternal state is its memory, i.e., it holds observations of
the environment, but the internal state is a more gen-
eral concept. As the agent moves about the area, it ob-
serves the state of the environment, i.e., the number
of tasks or objects of different types and the number
of agents performing each task. These observations are
added to memory. Periodically, the agent estimates the
global state of the system from this series of local ob-
servations, and decides what its next action should be.
In particular, if the memory has length m, then the agent
that is making decisions about future actions based on the
past m states of the system can be represented as a gener-
alized Markov process of order m.

Consider, for example, a modification of the forag-
ing scenario presented above. Arena contains red and
green pucks in some numbers. Rather than collect all
pucks, the robot’s task is to collect pucks until the num-
bers of red and green pucks in the arena is the same.
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Figure 2. Schematic diagram of an adaptive for-
aging scenario

A solution to this problem is for the robot to count
the numbers of red and green pucks it observes. Then,
if it encounters a puck that is in the majority, based
on its observations, it will pick it up and deliver it to
the home location. Otherwise, it will continue search-
ing. Figure 2 shows the schematic of the robot con-
troller. The robot’s memory, or stack, has length m.
As it wanders around the arena, at regular time in-
tervals, the robot counts the number of pucks of each
color and records them in the memory slot. New obser-
vations replace the oldest ones in the sliding memory
window.

3.2. Environment as a Stochastic Process

Observations of the environment cause an agent to
change its state. In order to construct a mathemat-
ical model of the collective behavior, we will need a
model of coupled agent-environment system. In the
past, we have represented the environment by an ag-
gregate quantity: e.g., a variable representing the num-
ber of uncollected pucks in the robot foraging task,
or a constant number, representing the probability of
a robot’s collision with a wall. Under certain condi-
tions, we can also model the environment as a stochas-
tic process. Consider a closed system composed of a
set of objects, static or dynamic, and agents. We will
call the objects that agents are sensing or manipulat-
ing the environment. The agent-environment system is
closed, meaning that the environmental state can be
changed only by the actions of agents.2 In the simpli-

2 No system is truly closed in this sense — even a fish tank is sub-
ject to external temperature fluctuations. However, many sys-
tems can be approximated as closed systems, therefore, mak-
ing them amenable to analysis. If a system is not closed, for ex-
ample, there is a steady influx of new objects, we can consider
the larger system, composed of the original systemand the out-
side world, to be a closed system. The only interaction between

fied foraging scenario we considered above, the envi-
ronment is embodied by the pucks the robots pick up
and transport home.

We claim that FSAs provide a more powerful and
flexible representation of the environment. Figure 1(b)
shows the diagram of the environment corresponding
to the foraging scenario. The environment (pucks in
the arena and pucks at home) is changed by the ac-
tions of robots. The FSAs corresponding to the robot
controller and the environment are combined to get a
comprehensive model of the system.

3.3. Dynamics of Collective Behavior

The stochastic process-based approach allows us
to mathematically study the behavior of agents. Let
p(n, t) be the probability the agent is executing action
n at time t.3 p(n, t) is also a macroscopic variable, de-
scribing the fraction of agents in state n at time t.

We can derive [?] the Rate Equation, which de-
scribes how Nn(t), the average number of agents in
state n, changes in time:

dNn

dt
=

∑
n′

[
W (n|n′)Nn′ −W (n′|n)Nn

]
(1)

where the transition rate W (n|n′) gives the rate at
which agents go from performing action n′ to action
n. For a reactive agent, it is [?]:

W (n|n′) = lim
∆t→0

p(n, t + ∆t|n′, t)
∆t

. (2)

For an adaptive agent, transition to a new state at time
t + ∆t depends not only on its state at time t (as for
reactive agents), but also on its observations at times
t −∆t, t − 2∆t, . . ., t − (m − 1)∆t, which we refer to
collectively as history h. The transition rates in Equa-
tion 1 have to be averaged over histories [?]:

W (n|n′) = lim
∆t→0

∑
h p(n, t + ∆t|n′, t;h)p(h)

∆t
. (3)

These equations allow us to study the collective behavior
of agents.

We claim that the collective behavior of the MAS is
captured by an aggregate automaton that is functionally
identical to the individual agent FSA, except that each
state of the automaton now represents the number of
agents executing that action [?, ?, ?]. This automaton

the outside world and the original system is through the in-
flux of new objects.

3 In our formalism, actions and communications are equivalent.
Perhaps they are better called state of a agent, but to avoid
confusion with agent’s internal state, we stick to distinct la-
bels.



can be directly translated into the Rate Equations. Each
state in the automaton becomes a dynamic variable
Nn(t) with its own Rate Equation. Each equation has
a separate term for every incident ( W (n|n′)Nn′) and
outgoing ( W (n′|n)Nn) arrow.

3.3.1. Transition Rates for Reactive Agents
Finding an appropriate mathematical form for the
transition rates W (n|n′) is the main challenge in ap-
plying the approach to real systems. For a reac-
tive agent, the transition is triggered by a timer or
when an agent encounters some stimulus — be it an-
other agent in a particular state, a puck to be picked
up, etc. Timer-triggered transitions the average tran-
sition rate is simply the inverse of the timer time in-
terval. In order to compute the transition rates
triggered by encounters with stimuli, we will as-
sume, for simplicity, that agents and stimuli, such as
pucks, are uniformly distributed in space. The as-
sumption of spatial uniformity may be reasonable
for agents that randomly explore space (e.g., search-
ing behavior in robots tends to smooth out any inho-
mogeneities in the robots’ initial distribution). Under
this assumption, transition rates will have the follow-
ing form: W (n|n′) ∝ M , where M is, for example,
the number of pucks in the arena. This is the envi-
ronmental variable incident on the transition arrow
in the combined robot-environment FSA (see Fig-
ure 1). The proportionality factor is the parameter
that connects the model to the experiments, and it de-
pends on the rate at which robots detect pucks. It can
be roughly estimated from first principles (e.g., us-
ing the “scattering cross section” approach) or left as
a model parameter. There will be cases where the uni-
formity assumption fails: e.g., for systems where
all the objects to be collected by robots are lo-
cated in the center of the arena. In these anomalous
cases, the transition rates will have a more compli-
cated form and in some cases it may not be possible
to express them analytically altogether. If the tran-
sition rates cannot be calculated from first princi-
ples, it may be expedient to leave them as parame-
ters of the model and obtain them by fitting the model
to data.

As an illustration, we construct a mathematical
model that describes the dynamics of the simplified
foraging scenario. We start with the FSA represent-
ing the robot (Figure 1(a)). As we argued above, the
same FSA also represents the macroscopic state dia-
gram of the multi-robot foraging system. Thus, Ns, Np

and Nh are the (average) number of robots in search-
ing, pickup and homing states respectively. We need a
Rate Equation for each variable. The equations for Ns

and Np will have two terms each in it, a positive term

for the incident arrow and a negative term for the out-
going arrow:

dNs

dt
= −αpMaNs + 1/τhNh (4)

dNp

dt
= αpMaNs − 1/τpNp (5)

dMa

dt
= −αpMaNs (6)

dMh

dt
= 1/τhNh. (7)

Here, αp is the rate rate at which robots encounter
pucks, τp is the average time it takes the robot to pick
up the puck and τh is the average time it takes the
robot to reach home with a puck. Note that we do not
need a third equation describing how Nh changes in
time, because its value can be computed from the con-
servation of robots condition: N = Ns + Np + Nh. The
number of pucks at home grows as homing robots de-
posit them there. The total number of pucks, that is
the free pucks in the arena and at home, and the pucks
held by robots, Ma + Nh + Np + Mh = M , is con-
served. Solving the equations subject to the initial con-
dition that at t = 0, all the robots are searching and all
the pucks are in arena, allows us to calculate the dis-
tribution of pucks and robots at any time. Knowing
how these variables change in time enables us to calcu-
late group performance — the time it takes to complete
the task, and how this metric depends on system prop-
erties. Figure 3 shows evolution of typical solutions for
αp = 0.2, τp = 2, and τh = 20 (in dimensionless units).
We can see from the results that after about 40 time
units, there are almost no pucks left in the arena, al-
though not all the pucks are yet at the home location
(some are still held by robots). After about 90 time
units are almost all of the pucks at home.

3.3.2. Transition Rates for Adaptive Agents
Equations describing adaptive foraging task shown in
Figure 2 are similar to Equation 4–Equation 5, except
that parameter αp now depends not only on the rate at
which robots encounter pucks, but also on their deci-
sions to collect pucks. This decision is a function of the
observed numbers of red Mr,obs and green Mg,obs pucks.
Suppose the decision is a linear function of the excess
puck density x = (Mr,obs −Mg,obs)/(Mr,obs + Mg,obs):
the probability the robot will pick up the puck, if it is
red, is f = xΘ(x), where Θ is a step function, which
guarantees that when Mr,obs < Mg,obs, no red pucks
will be picked up.

The function f is computed in the following way.
When observations of all robots are taken into account,
the mean of the observed number of red pucks in the
first memory slot (see Figure 2) is 1

N

∑N
i=1 M0

r,obs ≈
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Figure 3. Solutions of the Equations 4–7 show-
ing how (a) robot densities and (b) puck densi-
ties evolve in time.

Mr(t), where Mr(t) is the average number of red pucks
in the arena at time t. Likewise, the mean of the ob-
served value in memory slot j is 1

N

∑N
i=1 M j

r,obs ≈
Mr(t − j∆), the average number of red pucks at time
t − j∆. In general, the actual value will fluctuate be-
cause of measurement errors; however, on average, it
will be the mean number of red pucks in the arena
at that time. The estimated number of red pucks is
Mr,obs =

∑m−1
j=0 Mr(t− j∆) and likewise for green

The equations describing the dynamics of adaptive
foraging system are:

dNs

dt
= −αp(f(x)Mr + f(−x)Mg)Ns + 1/τhNh

dNp

dt
= αp(f(x)Mr + f(−x)Mg)Ns − 1/τpNp

dMr

dt
= −αpf(x)MrNs
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Figure4.Solutionsof theadaptive foragingequa-
tions showing how the densities of red and green
pucks change in time

dMg

dt
= −αpf(−x)MgNs,

where x is the observed excess red puck density, and f
is a function of x as defined above. Note that these are
time delay differential equations, which can potentially
display interesting behavior, such as oscillations.

The equations are solved with initial conditions (all
the robots initially searching) to obtain the state of
the adaptive system at any time. Figure 4 shows how
the number of red and green pucks changes in time.
Although initially the red pucks are only 20% of the
total puck distribution, as robots collect green pucks,
the number of red and green pucks evens out. We used
αp = 0.2, τp = 2, and τh = 20.

4. Discussion

We have presented an approach for the automatic
construction of models describing the collective behav-
ior of multi-agent systems from the details of the in-
dividual agent behavior. Our approach applies to very
simple agents, such as some types of robots and social
insects. Even in groups of such simple agents, interest-
ing and coordinated group behavior can emerge. Find-
ing appropriate mechanisms for implicit coordination
has been the focus of research in both the MAS and bi-
ological communities that study social organisms. We
claim that analysis of collective behavior, such as one
we describe in this paper, can help advance research
in these fields. Analysis of collective behavior can also
be used to discover group goals in an adversarial set-
ting.

Automatic construction of collective behavior con-
sists of 1) observing the sequence of agent behaviors, 2)



inducing a model of the agent’s behavior from these ob-
servations, 3) translating the model into equations de-
scribing group behavior, 4) analyzing the equations to
learn more about the system. We have not described
the first two steps in detail, but we believe that they
are possible, in principle, for both agent (e.g., robot)
and biological systems.

Constructing models of the behavior of an adaptive
agent presents greatest challenges. If agents are using
a memory-based adaptation mechanism, their observa-
tions have to be recorded. It is possible that a PDA is
not the best representation of this process, and an al-
ternate model, such as an HMM will be more appropri-
ate. Extending these models to more complex agents is
the subject of ongoing research.
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